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Abstract
We review recent works on the modelling of Generalised Parton Distributions within the
Dyson-Schwinger formalism. We highlight how covariant computations, using the impulse
approximation, allows one to fulfil most of the theoretical constraints of the GPDs. Specific
attention is brought to chiral properties and especially the so-called soft pion theorem, and
its link with the Axial-Vector Ward-Takahashi identity. The limitation of the impulse ap-
proximation are also explained. Beyond impulse approximation computations are reviewed in
the forward case. Finally, we stress the advantages of the overlap of lightcone wave functions,
and possible ways to construct covariant GPD models within this framework, in a two-body
approximation.
Keywords: Generalised Parton Distributions, Dyson-Schwinger Equations, Double Distri-
butions, PDF, pion
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2
1 Introduction
Since they have been introduced in the 1990s, Generalised Parton Distributions [1–3] (GPDs)
have been under a strong scientific investigation, both experimentally and theoretically, as testify
the number of dedicated review papers [4–9]. Recently, the interest for GPDs have even been
increased by the publication of new experimental data [10, 11]. In the near future, the upgrade
of the Jefferson Laboratory facility from 6 GeV to 12 GeV should provide the GPD community
with very accurate experimental data on a wide kinematic range in the so-called “valence region”.
In the kinematic region dominated by sea quarks and gluon contributions, COMPASS in a short
time scale [12], and EIC in a longer time scale [13] should also provide brand new experimental
data.
On the theoretical side, the GPD framework is now well established. Evolution equations
are known up to next-to-leading order, and some of the higher-twist corrections have been imple-
mented successfully up to twist-four [14, 15]. From this situation, several phenomenological models
have flourished [16–20], allowing the description of worldwide available experimental data, with a
reasonable accuracy. Using those phenomenological models, extraction of GPDs from experiments
has been performed, providing a three-dimensional sketch of the nucleon, but still in the limit of
the considered approximations, like for instance, computations at leading order in αs, the strong
coupling constant (see e.g. Ref. [9]). If few attempts have been made to compute GPDs beyond
phenomenological models [21–25], they have not encountered the successes of the latter ones, when
compared to experimental data. Nonetheless, it should be emphasised that such a task plays a
key role in the ambitious purpose of validating our basic understanding of the strong interactions
by the use of GPDs.
As GPDs encode non-perturbative information on hadrons, any model built within a bottom-
up approach must be intrinsically non-perturbative. Among the different possible ways, we focus
here on the Dyson-Schwinger equations [26–28] (DSEs) and on the Bethe-Salpeter equation [27–31]
(BSE). DSEs consist in coupled, self-consistent equations, relating the Green functions of QCD
among themselves. The BSE is also a self-consistent equation, coupled to the Green functions
of QCD, allowing one to compute the so-called Bethe-Salpeter wave function for a given meson.
In the recent years, significant progresses have been made in order to solve consistently these
equations in a symmetry-preserving approximation scheme [32]. It is now possible to compute
within the DSEs framework, a significant number of observables, like mesons masses and decay
constants (see e.g. Ref. [33]) or form factors [34] with a reasonable accuracy.
The idea of computing hadron structure within a DSEs-BSE framework is not new, since
one can tally different approaches to compute GPDs from DSEs-BSE developed during the last
fifteen years [35–39]. Nevertheless, it was not possible at that time to rely on proper symmetry-
preserving truncation schemes. This has recently changed with the computation of the pion
Distribution Amplitude (DA) [40], paving the way for similar developments on more complex
objects, especially on PDFs [41] and GPDs [42, 43].
Giving technical details on GPDs and DSEs would require a large number of pages. A contrario,
the present work focuses on a specific aim: highlighting progresses made in modelling GPDs in
a DSEs framework. Therefore, the reader looking for extended proofs is invited to refer to the
original work or to the following reviews Refs. [6, 7] for GPDs and Refs. [44, 45] for DSEs.
The present review is organised as it follows. In section 2 the main properties of GPDs are
outlined. In addition, a related object, called Double Distribution (DD) is introduced. Then,
in section 3, basic facts on DSEs-BSE are given, including insight of techniques and truncation
schemes used to solved the coupled equations. Section 4 highlights the advantages and drawbacks
of computing pion GPDs in a covariant framework. Light is also shed on chiral properties of
the chiral-even pion GPD in section 5, showing that the rainbow ladder truncation scheme is
consistent with the soft pion theorem. Section 6 shows the limitations of the so-called impulse
approximation, mainly used in covariant approaches, and the way to go beyond it in the forward
case. In section 7, the possibility to compute GPDs using the lightcone formalism is emphasised,
and the consequences in terms of DSEs are explored. Finally, the conclusion is given in section 8.
3
2 Hadron structure
This section is devoted to introduce the definition, basic properties and main features related to
GPDs. Then, we pay special attention to the modelling approach based on the so-called double
distributions that have the merit to guarantee, by construction, the fulfilling of the main properties
resulting from the observation of fundamental symmetries for the GPDs. In further sections, this
fulfilling will be, as should be, a cornerstone for the building of a GPD model based on the
computational framework provided by DSE and BSE.
2.1 GPD
Starting by the definition of GPDs1, we discuss then their main properties and features, as their
evolution with the factorisation scale or extraction from exclusive processes.
2.1.1 Definition
Formally, GPDs are defined as the Fourier transform of a non-local matrix element. In the case
of a spin-1/2 hadron, two GPDs are required to fully parameterise the following matrix element:
F q =
1
2
∫
dz−
2pi
eixP
+z− 〈p2| ψ¯q
(
−z
2
)
γ+ψq
(z
2
)
|p1〉
∣∣∣
z+=z⊥=0
=
1
2P+
[
Hq(x, ξ, t)u¯ (p2) γ
+u (p1) + E
q(x, ξ, t)u¯ (p2)
iσ+µ∆µ
2M
u (p1)
]
, (1)
with ψq being the quark field of flavour q, p1 and p2 are respectively the momenta of the incoming
and outgoing hadron, P = p1+p22 and ∆ = p2−p1. The lightcone variables are defined in appendix
A. ξ = − ∆+2P+ is called the skewness, t is the Mandelstam variable such that t = ∆2, and M is the
mass of the considered hadron. Working in the lightcone gauge, the Wilson line
[− z2 ; z2 ] reduces
to 1 and is thus omitted here. Additional quark GPDs can be defined through:
F˜ q =
1
2
∫
dz−
2pi
eixP
+z− 〈p2| ψ¯q
(
−z
2
)
γ+γ5ψ
q
(z
2
)
|p1〉
∣∣∣
z+=z⊥=0
=
1
2P+
[
H˜q(x, ξ, t)u¯ (p2) γ
+γ5u (p1) + E˜
q(x, ξ, t)u¯ (p2)
γ5∆
+
2M
u (p1)
]
, (2)
as well as gluon GPDs:
F g =
1
P+
∫
dz−
2pi
eixP
+z− 〈p2|G+µ
(
−z
2
)
G +µ
(z
2
)
|p1〉
∣∣∣
z+=z⊥=0
=
1
2P+
[
Hg(x, ξ, t)u¯ (p2) γ
+u (p1) + E
g(x, ξ, t)u¯ (p2)
iσ+µ∆µ
2M
u (p1)
]
, (3)
F˜ g =
1
2
∫
dz−
2pi
eixP
+z− 〈p2|G+µ
(
−z
2
)
G˜ +µ
(z
2
)
|p1〉
∣∣∣
z+=z⊥=0
=
1
2P+
[
H˜g(x, ξ, t)u¯ (p2) γ
+γ5u (p1) + E˜
g(x, ξ, t)u¯ (p2)
γ5∆
+
2M
u (p1)
]
, (4)
where Gµν is the gluon field strength and G˜µν = 12µνρσG
ρσ. In the case of the pion, which will
be our main topic later on, spinlessness and discrete symmetries restrict the parameterisation of
these matrix elements to two GPDs:
Hqpi(x, ξ, t) =
1
2
∫
dz−
2pi
eixP
+z− 〈p2| ψ¯q
(
−z
2
)
γ+ψq
(z
2
)
|p1〉
∣∣∣
z+=z⊥=0
, (5)
Hgpi(x, ξ, t) =
1
P+
∫
dz−
2pi
eixP
+z− 〈p2|G+µ
(
−z
2
)
G +µ
(z
2
)
|p1〉
∣∣∣
z+=z⊥=0
. (6)
In the following, unless explicitly said, we will focus on the pion quark GPD Hqpi.
1We stick on chiral-even GPDs only. Transversity GPDs are described in Ref. [46].
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x +ξ ξ−x
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x+ξ x−ξ
ξ≤ x≤ 1
Figure 1: Different interpretations of the GPD. Left-hand side: kinematic corresponding to an
antiquark; centre: kinematic corresponding to a quark antiquark pair; right-hand side: kinematic
corresponding to a quark.
2.1.2 Support and symmetry properties
From the definition of GPDs in terms of matrix elements, it is possible to derive theoretical
properties coming from field theory. First of all, one has to deal with the so-called support
properties of the GPDs, stating that:
(x, ξ) ∈ [−1; 1]2 , (7)
which can be obtained from amplitude computations [47]. Depending on respective values of x
and ξ, one has different possible interpretations of the GPDs as shown on figure 1. The two lines
x = ±ξ play a crucial role. They define the central region, often called ERBL, to the outer one
called the DGLAP region. In order to ensure the factorisation of processes between a hard part
computed using pQCD and soft parts including GPDs, the latter must be continuous on the lines
x = ±ξ (see section 2.1.4). In addition to x, ξ and t, GPDs also depend on a factorisation scale µF ,
and a renormalisation scale µR, usually taken equal. These dependences are omitted for brevity
but will be discussed below in this section.
GPDs are also constrained by discrete symmetries. Gluons being their own antiparticles, gluon
GPDs Hg and Eg are even in x, whereas H˜g and E˜g are odd. Quark GPDs generally do not have
any symmetry properties with respect to x, but still, combinations can be defined as:
Hq(+)(x, ξ, t) = Hq(x, ξ, t)−Hq(−x, ξ, t),
H˜q(+)(x, ξ, t) = H˜q(x, ξ, t) + H˜q(−x, ξ, t), (8)
and correspond to an exchange of a charge C = 1 in the t-channel. These combinations are often
called “singlet” and can be extended to Eq and E˜q. The complementary combinations, labelled
H(−), are called non-singlet and correspond to the exchange of a charge C = −1 in the t-channel:
Hq(−)(x, ξ, t) = Hq(x, ξ, t) +Hq(−x, ξ, t),
H˜q(−)(x, ξ, t) = H˜q(x, ξ, t)− H˜q(−x, ξ, t). (9)
Contrary to charge conjugation, time reversal invariance has direct consequences on each GPD.
For most of them, it implies that the GPD is even in ξ. This is true for both Hq and Eq:
Hq(x, ξ, t) = Hq(x,−ξ, t) , Eq(x, ξ, t) = Eq(x,−ξ, t). (10)
The different possible cases are detailed in Ref. [7] with computation guidelines. Hermiticity of
the theory is also responsible for an important constraint on GPDs. Indeed, taking the hermitian
conjugate of equation (1) leads to:
[H(x, ξ, t)]
∗
= H(x,−ξ, t) , [E(x, ξ, t)]∗ = E(x,−ξ, t). (11)
Injecting the constraint coming from time reversal invariance of equation (10), one can conclude
that GPDs are real. This latter statement is true for any GPD.
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Due to isospin symmetry, the pion GPDs have additional symmetry properties. In fact, isovec-
tor (I = 1) and isoscalar (I = 0) GPDs can be defined and related to “quark” GPDs as:
HI=0(x, ξ, t) = Hupi±(x, ξ, t) +H
d
pi±(x, ξ, t) (12)
= Hupi0(x, ξ, t) +H
d
pi0(x, ξ, t), (13)
HI=1(x, ξ, t) = Hupi+(x, ξ, t)−Hdpi+(x, ξ, t) (14)
= −(Hupi−(x, ξ, t)−Hdpi−(x, ξ, t)), (15)
0 = Hupi0(x, ξ, t)−Hdpi0(x, ξ, t). (16)
Using the previous symmetry properties, Hu and Hd can be related so that for the pi+, one gets:
HI=0 = Hu(x, ξ, t)−Hu(−x, ξ, t), (17)
HI=1 = Hu(x, ξ, t) +Hu(−x, ξ, t). (18)
And thus isovector and isoscalar GPDs correspond to non-singlet and singlet GPDs respectively.
It is also possible to highlight the chiral properties of the pion GPD, especially the so-called
the soft pion theorem. Defining the pion distribution amplitude (DA) ϕpi as:
fpiϕpi(u) =
∫
dz−
2pi
ei(2u−1)P
+z−/2 〈pi, P | ψ¯(−z
2
)γ ·nγ5ψ(
z
2
) |0〉
∣∣∣∣
z+=z⊥=0
, (19)
where fpi stands for the pion decay constant, PCAC and crossing symmetry allow one to relate
the pion GPDs to the pion DA in the kinematic limit t→ 0 and ξ → 1 through [48]:
HI=0(x, 1, 0) = 0 and HI=1(x, 1, 0) = ϕpi
(
1 + x
2
)
. (20)
2.1.3 Forward limit, positivity and polynomiality
In the so-called forward limit, i.e. when both ξ and t vanish, the GPD Hq reduces itself to the
usual parton distribution function. More precisely:
Hq(x, 0, 0) = q(x) for x ≥ 0, (21)
Hq(x, 0, 0) = −q¯(−x) for x ≤ 0, (22)
where q(x) and q¯(x) are respectively the PDF of a quark and antiquark of flavour q.
As it is detailed in section 7, the GPDs can be seen on the lightcone as an overlap of lightcone
wave-functions [49]. It leads to an additional theoretical property of the GPDs called the positivity
property. Indeed, one can consider the GPD H of a scalar hadron at vanishing t as:
H(x, ξ) =
∑
S
〈Ψout(x, ξ, S)|Ψin(x, ξ, S)〉, (23)
with Ψin(x, ξ, S) being the probability amplitude for the hadron to split in a quark carrying a mo-
mentum (x+ ξ)P+ along the lightcone, and a spectator denoted S. In the same way, Ψout(x, ξ, S)
corresponds to the probability amplitude to generate the considered hadron from a spectator S
and a quark carrying a momentum (x − ξ)P+ along the lightcone. Then the Cauchy-Schwartz
inequality yields [50]:∣∣∣∣∣∑
S
〈Ψout(x, ξ, S)|Ψin(x, ξ, S)〉
∣∣∣∣∣
2
≤
∑
S
〈Ψout(x, ξ, S)|Ψout(x, ξ, S)〉∑
S′
〈Ψin(x, ξ, S′)|Ψin(x, ξ, S′)〉. (24)
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In terms of GPDs and PDFs, this result can be seen as:
Hq(x, ξ) ≤
√
q(x1)q(x2), (25)
where
x1 =
x− ξ
1− ξ , x2 =
x+ ξ
1 + ξ
. (26)
The same kind of inequality can be derived for gluon distributions:
Hg(x, ξ) ≤
√
(1− ξ2)x1x2g(x1)g(x2), (27)
as well as for other GPDs (including for non-scalar hadrons) [49, 51, 52] or for the so-called impact
parameter space GPDs [53].
Last but not least, the Mellin momentsMm(ξ, t) of the GPDs, defined as:
MHm(ξ, t) =
∫ 1
−1
dx xmH(x, ξ, t) , MEm(ξ, t) =
∫ 1
−1
dx xmE(x, ξ, t) (28)
shows interesting properties. First, the Mellin moments computed for m = 0 give precisely the
contributions of the flavour q to the hadron form factors F1 and F2, i.e. :∫ 1
−1
dx Hq(x, ξ, t) = F q1 (t) ,
∫ 1
−1
dx Eq(x, ξ, t) = F q2 (t). (29)
Then, the Mellin moments can be related to local matrix elements through:
MHm(ξ, t) =
1
2 (P+)
m+1 〈p2| ψ¯q(0)γ+(i
←→
∂ +)mψq(0) |p1〉 , (30)
for a spinless hadron and:
u¯(p2)
[
γ+MHm(ξ, t) +
σ+ν∆ν
2M
MEm(ξ, t)
]
u(p1) =
1
2 (P+)
m+1 〈p2| ψ¯q(0)γ+(i
←→
∂ +)mψq(0) |p1〉 ,
(31)
for spin one-half hadrons, where
←→
∂ + =
−→
∂ +−←−∂ +
2 . Equations (30) and (31) are valid in the lightcone
gauge, but the generalisation to any gauge is straightforward using the covariant derivative
←→
D
instead of the partial one. They can be also seen in terms of covariant local twist-two operators
defined as:
O{µµ1...µm} = ψ¯γ{µi
←→
∂ µ1 ...i
←→
∂ µm}ψ (32)
where {. . . } indicates that the operator is totally symmetric and traceless. Projected on the
lightcone, the twist-two operators of equation (32) give the ones of equation (31), as expected
from the OPE formalism [1, 54, 55]. Covariance allows one to parameterise the matrix element of
the local twist-two operators for a spin-1/2 hadron as:
〈p2|O{µµ1...µm} |p1〉 = u¯(p2)γ{µu(p1)
[m2 ]∑
i=0
Aqm+1,2i(t)
(
−∆
2
µ1
)
...
(
−∆
2
µ2i
)
Pµ2i+1 ...Pµm}
+u¯(p2)
σ{µα∆α
2M
u(p1)
[m2 ]∑
i=0
Bqm+1,2i(t)∆
µ1 ...∆µ2iPµ2i+1 ...Pµm}
−mod(2,m)u¯(p2)∆
{µ
2M
u(p1)C
q
m+1(t)
(
−∆
2
µ1
)
...
(
−∆
2
µm}
)
.
(33)
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The even power of ∆ is a consequence of time reversal invariance as seen in equation (10). In
addition, [ · ] denotes the floor function and mod(2,m) vanishes when m is even, and is equal to
1 when m is odd. Projecting equation (33) on the lightcone and using the Gordon identity (see
appendix A) to reduce from three Dirac structure to two, one can show that:
∫
dx xmH(x, ξ, t) =
[m2 ]∑
j=0
ξ2jAqm+1,2j(t) + mod(m, 2)ξ
m+1Cqm+1(t), (34)
∫
dx xmE(x, ξ, t) =
[m2 ]∑
j=0
ξ2jBqm+1,2j(t)−mod(m, 2)ξm+1Cqm+1(t). (35)
Therefore, the Mellin moments of GPDs are polynomials in ξ. Aq, Bq and Cq are sometimes called
generalised form factors in relation with equation (29).
2.1.4 Exclusive processes and GPD extraction
GPDs play a key role in the computation of exclusive processes amplitudes. Therefore, processes
like Deeply Virtual Compton Scattering (DVCS), Time-like Compton Scattering (TCS) and Deeply
Virtual Meson Production (DVMP) are experimental channels allowing to access GPDs. The
amplitudes can be split in a “hard” part, corresponding to the interaction of the active parton
with the probe, and a “soft” part, describing non-perturbative phenomena, i.e. GPDs and also
DAs in the case of DVMP. This is known as the factorisation theorem [1, 3, 56–59]. Focusing on
DVCS, the total amplitude can be split into four2 leading-twist Compton Form Factors (CFF)
denoted F which are related to the chiral-even GPDs through:
F(ξ, t) =
∫ 1
−1
dx C(x, ξ)F (x, ξ, t), (36)
where F is the GPD associated with the CFF F . C corresponds to the coefficient coming from the
computation of the perturbative part of the process associated with the GPD F . The dependencies
in terms of the photon virtuality Q2, renormalisation and factorisation scales are omitted for
brevity. Details will be given in section 2.1.5. In the specific case of the contribution related to
the GPD H, with a perturbative coefficient computed at leading order (LO), the associated CFF
H can be written as:
H(ξ, t) =
∫ 1
−1
dx
(
1
ξ − x− i −
1
ξ + x− i
)
H(x, ξ, t). (37)
At this point, the continuity of the GPD on the lines x = ±ξ is required to ensure that the CFF
is finite. Still, due to the singularities, the CFF is a complex number, its real and imaginary parts
can be computed at LO through:
< (H(ξ, t))|LO = p.v.
∫ 1
−1
dx
(
1
ξ − x −
1
ξ + x
)
H(x, ξ, t), (38)
= (H(ξ, t))|LO = pi (H(ξ, ξ, t)−H(−ξ, ξ, t)) , (39)
where p.v. is the Cauchy principal value prescription. The imaginary part of this CFF is, for
instance, the main contribution to observables depending on beam spin helicities.
Extracting the different CFFs from experimental data reveals itself to be a hard task, partially
because few data are available today. In valence region, i.e. for large ξ, both Jefferson Laboratory
(JLab) Hall A and CLAS collaborations have released DVCS cross-sections [10, 11], as well as
asymmetries [60]. In the medium ξ region, the HERMES collaboration has released data for the
DVCS asymmetries but not for the cross-sections (see e.g. [61]). At low ξ, collider data have
2Twelve when taking into account twist-three and chiral-odd GPDs.
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Figure 2: Exclusive processes. Left-hand side: DVCS; center: TCS; right-hand side: DVMP.
been released both by H1 and ZEUS collaborations [62, 63]. Despite this significant experimental
effort to measure DVCS observables, a large part of the kinematic domain remains uncovered.
Thus several techniques have been developed to extract CFFs, including local fits [64], global fits
[19, 65, 66] and extension to neural network are seriously considered today [67].
Interpretations of experimental data are even harder due to the higher order corrections in
perturbative QCD, and higher twist corrections. Indeed, if next-to-leading order corrections are
well-known for exclusive processes [68–74], it has been shown recently that they have a significant
effect on CFFs [75]. In the same way, target mass (i.e. higher twist) and finite t corrections [14, 15]
are presumably required to fully understand experimental results at intermediate Q2 [10].
2.1.5 Evolution
Factorisation scale dependence has mainly be omitted until now in this review. Yet, the reader
should keep in mind that the splitting of a experimental process between a perturbative part
and a non-perturbative object is arbitrary, and that no observable may depend on such a scale.
Therefore, from this idea, in the same way than for PDFs, the scale dependence of GPDs can be
computed perturbatively. Singlet and non-singlet quark GPDs defined in equations (8) and (9)
have different dynamics with respect to evolution. If the former mixes with gluon GPDs, the latter
does not. Thus, non-singlet quark GPDs fulfil the following evolution equation:
µ2F
∂
∂µ2F
H−(x, ξ, t) =
∫
dy
1
|ξ|KNS
(
x
ξ
,
y
ξ
)
H−(y, ξ, t), (40)
where KNS is the so-called non-singlet evolution kernel. In the singlet case, it is convenient to
define the singlet vector H as:
H =
(
(2nf )
−1∑
qH
q(x, ξ, t)−Hq(−x, ξ, t)
Hg(x, ξ, t)
)
, (41)
where nf stands for the number of active flavours. H fulfills a differential equation equivalent to
equation (40) using the matrix singlet kernel K:
K =
Kqq (xξ , yξ) Kqg (xξ , yξ)
Kgq
(
x
ξ ,
y
ξ
)
Kgg
(
x
ξ ,
y
ξ
) . (42)
The evolution kernels KNS and K can be computed perturbatively and are known at LO [1–
3, 76–82] and at NLO [83–87]. As GPDs reduce to PDFs in the forward limit (i.e. ξ → 0), the
off-forward evolution kernelsKNS andK also reduce to the non-singlet and singlet DGLAP kernels
respectively. While when ξ → 1, the off-forward evolution kernels reduce to the famous ERBL
kernels [88–92] which describe the evolution of DAs. Several techniques have been employed to
solve the evolution equations, from numerical approaches [93] or analytic techniques based on the
fact that, at LO, the conformal moments diagonalises the evolution equations (see e.g. Refs. [6, 7]
and references therein for details).
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2.1.6 3D picture of hadrons
GPDs present an interesting physical interpretation in the kinematic region ξ = 0. For instance,
in the case of the pion, the quantity ρ defined as:
ρq(x,b⊥) =
∫
d2∆⊥
(2pi)2
e−ib⊥∆⊥Hq(x, 0,−∆2⊥), (43)
is the probability density to find a quark carrying a momentum fraction x at a given position
b⊥ in the transverse plane [94]. Thus, one gets a picture of the pion within a transverse slice,
perpendicular to the light-cone direction, as can be seen in the example shown in figure 3.
0.
0.5
1
-0.5
0.
0.5
b
¦
M
0.
0.5
1.
1.5
2.
q Hx, b
¦
L
M2
x
Figure 3: Transverse plane density of the pion GPD Hq. The 3D-plot of ρq(x,b⊥) comes from
Ref. [43]. Acknowledging its rotational invariance, the probability density is only plotted in one
of the transverse-plane axes for all x.
2.2 Double Distributions
2.2.1 Definition and relation to GPDs
Originally introduced in [1, 3, 59, 95], Double Distributions (DDs) are an alternative way to
encode information contained in non-local matrix elements. In the case of a scalar hadron, two
DDs F q(β, α, t) and Gq(β, α, t) can be defined as:〈
P +
∆
2
∣∣∣∣ q¯ (−z2) γµq (z2)
∣∣∣∣P − ∆2
〉∣∣∣∣
z2=0
= 2Pµ
∫
Ω
dβdα e−iβ(P · z)+iα
(∆ · z)
2 F q(β, α, t)
−∆µ
∫
Ω
dβdα e−iβ(P · z)+iα
(∆ · z)
2 Gq(β, α, t)
+ higher twist terms. (44)
The name of the variables follows the conventions of Ref. [5]. β and α have a physical interpretation
in terms of parton momenta as shown on figure 4. Discrete symmetries also constrain DDs. For
instance, time reversal invariance determines their parity in α: F is even in α whereas G is odd.
The DD support, usually denoted Ω, presents a specific rhombus shape:
Ω = {(β, α), |β|+ |α| ≤ 1} , (45)
as shown on figure 4. Being non-perturbative objects, DDs depend on a factorisation scale µF and
obey to evolution equations [1, 3, 59, 95]. The matrix elements defining GPDs (5) and DDs (44)
are very similar, and thus one can show that DDs and GPDs are related through the so-called
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Figure 4: Left-hand side: Momenta associated with hadrons and partons within a DD framework.
Right-hand side: DD support.
Radon transform: GPDs are actually the Radon transform of DDs. Practically, one can compute
GPDs from DDs through:
Hq(x, ξ, t) =
∫
Ω
dβdα (F q(β, α, t) + ξGq(β, α, t)) δ(x− β − αξ). (46)
Inverting the Radon transform is not an easy task, and thus DD are scarcely computed from GPDs.
The polynomiality property can be seen as a direct consequence of equation (46). Computing the
Mellin MomentMm(ξ, t) in terms of DD leads to:
Mm(ξ, t) =
∫
Ω
dβdα (β + ξα)m (F q(β, α, t) + ξGq(β, α, t)) , (47)
which is a polynomial in ξ of degree at most m+ 1.
2.2.2 Ambiguity and schemes
Historically, the DD Gq(β, α, t) has been overlooked, and introduced only latter in Ref. [21] as the
so-called D-term Gq(β, α, t) = δ(β)D(α, t). In fact, as shown in Ref. [96] for DDs vanishing on the
edges of the rhombus Ω, this D-term corresponds to a specific scheme of DD. Indeed, projecting
the matrix element of equation (44) on a light-like vector zµ, it yields:〈
P +
∆
2
∣∣∣∣ q¯ (−z2) z · γq (z2)
∣∣∣∣P − ∆2
〉∣∣∣∣
z2=0
= −2i
∫
Ω
dβdα e−iβ(Pz)+iα
(∆z)
2 Nq(β, α, t) (48)
with
Nq(β, α, t) =
∂F q
∂β
(β, α, t) +
∂Gq
∂α
(β, α, t). (49)
Therefore, any function σ such that:
σq(β,−α, t) = −σq(β, α, t). (50)
can be used to modify the DDs F q(β, α, t) and Gq(β, α, t):
F q(β, α, t) → F q(β, α, t) + ∂σ
q
∂α
(β, α, t), (51)
Gq(β, α, t) → Gq(β, α, t)− ∂σ
q
∂β
(β, α, t). (52)
These transformations leave the effective DD Nq(β, α, t) unchanged3. Therefore, both F q(β, α, t)
andGq(β, α, t) are not uniquely defined. This has been generalised in Ref. [97] for DD not vanishing
on the rhombus edges. Different DD schemes have been used, among them the so-called DD+D,
3It is sometimes called the DD “gauge transformation” due to the possible analogy with electromagnetism [96].
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which is the original scheme of Ref. [21], and the one-component DD scheme 1CDD. In the DD+D
scheme, F q(β, α, t) and Gq(β, α, t) are given by:
F q(β, α, t) → F qDD+D(β, α, t), (53)
Gq(β, α, t) → D(α, t)δ(β). (54)
Therefore, all the information carried by the variable β is contained in the DD F . The 1CDD
scheme introduced in Ref. [98] proceeds from an opposite philosophy as:
F q1CDD(β, α) = βf
q(β, α), (55)
Gq1CDD(β, α) = αf
q(β, α), (56)
and thus the information content is somehow balanced between the two DDs.
2.3 Phenomenological models in a nutshell
Many different phenomenological models of GPDs have been elaborated so far. To close this sec-
tion, since phenomenology is not the core of the present work, only a brief –surely not exhaustive–
enumeration of available phenomenological models will be given in the following. More details can
be found for instance in Ref. [9].
Double Distributions have been widely used to build phenomenological models, for they are
a simple way to ensure the polynomiality property of GPDs as shown in equation (47). The
main available models are the so-called “Goloskokov-Kroll” model [17, 99, 100], modifications of it
[101], and the Guidal-Guichon-Vanderhaeghen model [5, 16, 102–104]. Agreement with available
experimental data is satisfying [105] but may be challenged by the forthcoming experiments. The
so-called dual model [18, 48, 106] consists in expanding the GPDs on Gegenbauer polynomials
in the t-channel, and then modeling the coefficients. It has been shown recently [107] that this
approach is equivalent to another one, called the Mellin-Barnes model [19, 108]. The latter consists
in modeling the conformal moments of a GPD, and then use the Mellin-Barnes inverse transform
to compute the GPD itself. Models relying on the Mellin-Barnes parameterisation are in good
agreement with available data. Another approach relying on a spectator reggeized diquark model
[20] has also been compared to experimental data.
Other approaches have also been developed to model the pion GPD. Polyakov and Weiss [21],
and Anikin et al. [22], discussed the effect of an instanton vaccum by means of a effective nonlocal
quark-hadron lagrangian. Chiral symmetry is also central in the developments of Broniowski et
al. [23, 24] in the framework of the Nambu-Jona-Lasinio model (see the reviews Ref. [109, 110] and
references therein). Choi et al. [111, 112], then Mukherjee and Radyushkin [113], proposed light-
front calculations with gaussian or power-law wavefunctions in a triangle diagram approximation.
Furthermore, GPD modeling in the Bethe-Salpeter framework has enjoyed several studies [35–39],
usually with simple Bethe-Salpeter vertices and with computations of triangle diagrams. GPD
modeling for large, or moderately large, t, was investigated by Bakulev et al. [114], Vogt [115]
and Hoodboy et al. [116]. Amrath et al. [117] modeled the GPD H in the framework of the
popular Radyushkin Double Distribution Ansatz [118] and discussed the experimental access to
pion GPDs through DVCS on a virtual pion target. At last, let us mention the computation of
the generalized form factor in chiral perturbation theory at one-loop order by Diehl et al. [119],
although only focusses on applications to lattice QCD and does not proceed further to a complete
model of the pion GPD.
3 Dyson-Schwinger equations
As mentioned above, our main goal is to pave the way for the building of a GPD model within
a framework which relies as much as possible on QCD. This way, we are willing to understand
how the dynamical features of the strong interaction generate the structure of hadrons. The
framework we will focus on is based on the DSEs and BSEs. The computational scheme relies on
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the extraction from QCD equations of motion, namely the DSEs, of the basic ingredients required
for obtaining the GPDs within different approaches. Moreover, as one deals with the structure
of bound-states formed by quarks, their amplitudes derived from BSEs are also required. Both,
DSEs and BSEs are a tower of self-consistent non-perturbative integral equations which should be
properly and consistently solved by invoking a particular truncation scheme.
One must also keep in mind that Dyson-Schwinger equations are solved in Euclidean space.
Therefore the question of going from Euclidean space to Minkowskian space must be raised. In the
following, unless stated otherwise, Euclidean time will be used for computations, i.e. Schwinger
functions are considered instead of Green functions. We also assume that the measure fulfils the
good properties, so that it is possible to get Wightman and Green functions by analytic continua-
tion [120–122]. Therefore, comparison with experimental data will be done in Minkowskian space
after analytic continuation of the Schwinger functions.
3.1 Basic equations and truncation schemes
The significant progresses achieved in the last two decades in describing observable properties
of hadrons from continuum-QCD [45, 123, 124] are partly due to the application of symmetry-
preserving truncation schemes to QCD’s DSE [125–128]. The basics of a consistent and symmetry-
preserving scheme for DSE and BSE will be briefly discussed below. The first ingredient needed
to compute hadron properties from QCD’s DSEs is the quark propagator that is to be obtained
from the so-called Gap equation.
3.1.1 The Gap equation
The Gap equation relates the quark propagator Sq(p) with the gluon propagator Dµν(p) and the
quark-gluon vertex Γµq (k, p) through:
S−1q (p) = Z2(iγ · p+m
0
q) + Z1
∫
Λ
d4k
(2pi)4
g2Dµν(p− k)γµλ
a
2
Sq(k)
λa
2
Γνq (k, p), (57)
where m0q is the considered bare current quark mass and Λ signals that the present integral is
well-regularised (this is practically achieved through Pauly-Villars techniques see e.g. Ref. [129]).
λa are the Gell-Mann matrices. In spite of the omission of the renormalisation scale µR in equation
(57), the reader should keep in mind that the Green functions depend on µR, and so do Z1(µR,Λ)
and Z2(µR,Λ) which are respectively the quark-gluon vertex and the quark wave function renor-
malisation constants. Thus the Gap equation is well-defined only when a renormalisation condition
is given. This condition is usually taken as:
S−1(p)
∣∣∣
p2=µ2R
= iγ · p+mq(µ2R), (58)
with p deeply spacelike. The renormalised current quark mass mq(µ2R) is related to m
0
q through:
mq(µ
2
R) = Z
−1
m Z2m
0
q, (59)
Zm being the renormalisation constant associated with the Lagrangian mass term. At very large
values of µR, one expects to recover the bare quark mass. The solution of the Gap equation can
be written as:
Sq(p) = −iγ · pσV q(p2, µ2R) + σSq(p2, µ2R) = (iγ · pAq(p2, µ2R) +Bq(p2, µ2R))−1. (60)
Within those notations, when assuming multiplicative renormalisability, it is possible to define the
dressed running quark mass Mq(p2) as:
Mq(p
2) =
Bq(p
2, µ2R)
Aq(p2, µ2R)
, (61)
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which does not depend on the renormalisation scale. The dressed quark mass and the renormalised
current quark mass are related one to each other through the renormalisation condition (58):
mq(µ
2
R) = Mq(µ
2
R). (62)
Computation of the dressed quark mass have been performed in the DSE formalism and are in
very good agreement with lattice QCD predictions. As shown on figure 5, most of the mass comes
from dynamical processes at low energy. This phenomenon is emphasised in the chiral limit, where
the entire mass is dynamically generated, and this suggests that DCSB is the origin for most of
the visible mass of the Universe.
Figure 5: Computations of the dressed quark mass Mq with respect to the quark momentum p
within the Dyson-Schwinger equation framework compared to lattice-QCD results. The colours
correspond to different bare quark masses. At low p, QCD dynamics generates a significant mass
term, even in the chiral limit. Dyson-Schwinger results come from Refs. [130, 131] whereas lattice
data are taken from Ref. [132]. This figure comes from Ref. [123].
3.1.2 The Bethe-Salpeter equation
Beyond the quark propagators, as said above, the dynamics of bound states is also studied through
non-perturbative objects. Focusing on the pion case, the so-called Bethe-Salpeter wave function
χ(x1, x2) [27–31] provides a relativistic description of the bound state in terms of effective quarks
and antiquarks,
χ(x1, x2) = 〈0|T
[
ψ(x1)ψ¯(x2)
] |pi,K〉 (63)
where, for the sake of simplicity, flavour and Dirac indices have been omitted. Owing to transla-
tional invariance, it only depends on x2 − x1 and, in momentum space, reads:
χ(k,K) = δ(K − k1 − k2)
∫
d4xeik · x〈0|T [ψ(ηx)ψ¯(−(1− η)x)] |pi,K〉 (64)
with x = x2 − x1 and
K = k1 + k2 ,
k = (1− η)k1 − ηk2 .
(65)
The pion Bethe-Salpeter amplitude Γpi(p, P ), related to the Bethe-Salpeter wave function through:
Γpi(k,K) = S
−1(−k2) χ(k,K) S−1(k1), (66)
is the solution of the homogeneous Bethe-Salpeter equation:
Γpi;ij(p, P ) =
∫
d4k
(2pi)4
[S(kη¯)Γpi(k, P )S(kη)]abK
ab
ij (k, p, P ), (67)
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where:
kη = k1 = k + ηP,
kη¯ = −k2 = k − (1− η)P,
(68)
and Kabij (k, p, P ) is the quark-antiquark scattering kernel. As the choice of the value of η ∈ [0, 1]
is arbitrary, no observable should depend on it. In the case of the pion, the solution of equation
(67) is usually projected on a Dirac basis through [133]:
Γpi(p, P ) = γ5[iE(p, P ) + γ ·P F (p, P ) + p ·P p · γG(p, P ) + σµνpµP νH(p, P )]. (69)
The normalisation of the Bethe-Salpeter amplitude can be derived in a covariant way as [134,
135]:
2Pµ = TrCDF
[∫
d4k
2pi4
Γ¯pi (k, P )
∂S(kη)
∂Pµ
Γpi (k, P )S(kη¯)
]
+TrCDF
[∫
d4k
2pi4
Γ¯pi (k, P )S(kη)Γpi (k, P )
∂S(kη¯)
∂Pµ
]
+TrCDF
[∫
d4k
2pi4
d4q
2pi4
χ¯pi(q, P )
∂K(q, k, P )
∂Pµ
χpi(k, P )
]
(70)
TrCDF denoting the trace on colour, Dirac, and flavour indices.
In principle, injecting equation (69) in equation (67) provides a systems of coupled equations.
Yet, solving it requires the knowledge of both the fully dressed quark propagator Sq(p), which
can be computed from the gap equation (57), and the kernel Kabij (k, p, P ), the exact expression of
which remains unknown. Therefore, approximations have to be introduced.
3.1.3 Truncation schemes and symmetries
The main idea is to solve consistently the Bethe-Salpeter and Gap equations. To do so, truncation
schemes have been developed. Any truncation scheme needs to be consistent with the fact that
the pion is both a QCD bound state and a Goldstone mode of chiral symmetry breaking. So any of
them should therefore respects the underlying symmetries and the way some of them are broken.
For instance, chiral symmetry is explicitly broken in the so-called Axial-Vector Ward-Takahashi
Identity (AVWTI), relating the axial vector vertex Γj5µ(p, P ) with the pseudoscalar vertex Γ
j
5(p, P )
through:
PµΓj5µ(p, P ) =
τ j
2
(
S−1(kη)iγ5 + iγ5S−1(kη¯)
)− i [mq1(µR) +mq2(µR)] Γj5(p, P ), (71)
the mq being the renormalised current quark masses, and j indexing the isospin components. Any
truncation procedure should be consistent with equation (71).
A possible strategy consists in solving the Bethe-Salpeter equation for the pseudoscalar and
axial-vector vertices, and then getting the pion Bethe-Salpeter amplitude as a pole contribution
of the two previous ones [136]. Indeed, both Γi5µ(p, P ) and Γi5(p, P ) fulfil inhomogenous Bethe-
Salpeter equations. For instance in the case of the axial-vector vertex, one gets [137]:
Γ5µ(p, P ) = Z2γµγ5 − Z1 g2
∫
d4k
(2pi)4
Dαβ(p− k)λ
a
2
γαS(−kη¯)Γ5µ(k, P )S(kη)λa
2
Γβ(qη¯, kη¯)
+Z1 g
2
∫
d4k
(2pi)4
Dαβ(p− k)λ
a
2
γαS(kη)
λa
2
Λ5µβ(k, q, P ). (72)
This equation is illustrated on figure 6. A similar equation can be derived in the case of the
pseudoscalar vertex. Truncation schemes has been developed [32, 125, 126] in order to solve these
equations consistently with the AVWTI (71). Two main approximations are usually made to solve
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Figure 6: Graphical representation of the inhomogeneous Bethe-Salpeter equation for the axial-
vector vertex. The blue circles indicate that the considered Green functions are dressed. The large
green circles correspond to Γ5µ, the green colour encoding the fact that this objetc obey to an
inhomogeneous Bethe-Salpeter equation. The small green cirle is the inhomogene term γµγ5, and
the green square Λ5µν . This graphical representation also work for the pseudoscalar vertex.
the Dyson-Schwinger equations [138]. The first one, called Rainbow Ladder (RL), consists in
approximating the kernel of the gap equation as:
Z1g
2Dµν(p− k)Γνa(k, p) = (p− k)2G
(
(p− k)2)Dfreeµν (p− k)γν . (73)
In this approach, the free gluon propagator in the Landau gauge Dfreeµν (p−k) is dressed by a specific
function G ((p− k)2) reproducing the asymptotic behaviour (see e.g. Refs. [127, 136, 139]), and
the quark-gluon vertex is taken bare. This choice for the Gap equation kernel is compatible with
a choice of Λ5µβ = 0 in equation (72). Another truncation scheme has been recently developed
to improve RL by incorporating the capacity to account non-perturbatively for dynamical chiral
symmetry breaking (DCSB) in the integral equations connected with bound-states and is usually
described as DB truncation [32]. Therein, the quark-gluon vertex is modelled by using the Ball-
Chiu Ansatz (BC) [140] and an additional component generating an Anomalous Chromomagnetic
Moment (ACM) [138]:
Z1g
2Dµν(p− k)Γνa(k, p) = G
(
(p− k)2)Dfreeµν (p− k)Z2Γ˜ν(k, p), (74)
with
Γ˜ν(k, p) = ΓνBC(k, p) + Γ
ν
ACM(k, p). (75)
In this case, the contribution of Λ5µβ cannot be ignored anymore. Indeed, DB truncation has been
proven to be phenomenologically successful not only describing ground-state vector- and isospin-
nonzero pseudoscalar-mesons constituted by light quarks, as RL, but in all the channels considered
thus far [33, 40, 128, 141]. It is worth anyhow to remark that the DB kernel for the quark Gap
equation has been very recently proved to coincide with the equivalent kernel directly inferred
from the analysis of gauge-sector (gluon and ghost propagators) Gap equations [142], namely from
an ab-initio analysis.
One should keep in mind that Green functions are quantities which remains gauge-dependent,
and thus, the presentation below would be incomplete without a word on the choice of the gauge.
Usually, the Landau gauge is chosen for multiple reasons. Among them, the Landau gauge is a fixed
point of the renormalisation of the covariant gauge parameter. Then it is also the gauge which is
the less sensitive to the chosen Ansatz for the quark-gluon vertex as emphasised in Ref. [143, 144].
Finally, it is also the gauge used in lattice computations.
3.2 The Nakanishi representation
Due to the decomposition of equations (60) and (69), solving the Dyson-Schwinger equations
consists in computing five scalar functions parameterising the quark propagator and the pion
Bethe-Salpeter amplitude (Hpi is usually neglected [40]). This is possible numerically, at the cost
of discrete momentum variables. Thus one can expect to get numerical grids of functions with a
given number of points in p2. Even if performing such a computation is already a success, such
grids may nevertheless be inadequate to compute other non-perturbative functions. Therefore,
interpolating functions have been introduced and successfully fitted on the numerical results here
presented.
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Figure 7: Pion DA computed at renormalisation scale µR = 2 GeV. The dashed curve corresponds
to the Rainbow Ladder truncation scheme of equation (73), the solid curve to the improved kernel
of equation (74), and the dotted curve is the asymptotic DA. This figure comes from Ref. [40].
3.2.1 Interpolating functions
In the case of the quark propagator, it has been chosen [40] to use a parameterisation involving
complex conjugates poles:
S(k) =
N∑
j
[
zj
iγ · k +mj
+
z∗j
iγ · k +m∗j
]
, (76)
where zj and mj are fitted on the grids of solutions. Fits are satisfactory for N ≥ 2.
The functions associated with the Dirac structure of the pion Bethe-Salpeter amplitude (69)
can be described using the so-called Nakanishi representation [145]:
χ(k, P ) = N
∫ 1
−1
dz
∫ ∞
0
dγ
ϕ
[n]
l (z, γ)(
γ + m˜2 − 14m2H − k2 − P · kz − i
)n+2 , (77)
with mH being the mass of the considered hadron, N a normalisation constant, m˜ the mass of
the constituents, and ϕ[n]l (z, γ) is such that:
lim
γ→∞
ϕ
[n]
l (z, γ)
γn
= 0. (78)
The Nakanishi representation has been used in modern Dyson-Schwinger and Bethe-Salpeter stud-
ies of mesons, see e.g. Refs. [40, 146]. For instance, the authors of Ref. [40] split the functions
Epi, Fpi, and Gpi into infrared and ultraviolet dominant contributions, and parameterise them us-
ing the Nakanishi representations. This method has allowed the computation of the pion DA,
yielding a significantly wider distribution in terms of the momentum fraction than the asymptotic
one, as shown on figure 7. Very recently, the same approach has been also followed to compute
distribution amplitudes for bound-states involving strange and charm quarks [147, 148].
3.2.2 An algebraic model
The Nakanishi representation has been the starting point of a algebraic model suggested in
Ref. [40], for both the quark propagator and the Bethe-Salpeter amplitude. Focusing on the
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γ5 term of the Bethe-Salpeter amplitude, the algebraic model yields:
S(p) =
[− iγ · p+M]∆M (p2), (79)
∆M (s) =
1
s+M2
, (80)
Γpi(k, P ) = iγ5
M
fpi
M2ν
∫ +1
−1
dz ρν(z)
[
∆M (k
2
+z)
]ν
, (81)
ρν(z) =
1√
pi
Γ(ν + 3/2)
Γ(ν + 1)
(1− z2)ν , (82)
k+z = k −
(
1− z
2
− η
)
P . (83)
Two parameters can be identified here4: ν which controls the shape of the pion Bethe-Salpeter
amplitude and M which can be seen as an effective dressed quark mass. For ν = 1, the analytic
computation of the pion DA with this algebraic model is possible and leads to the asymptotic
results [40]. Indeed, the pion DA defined in equation (19) can be seen as the projection of the
Bethe-Salpeter wave function:
fpiϕpi(u) = Tr
[
Z2
∫
d4k
(2pi)4
δ(kη ·n− uP ·n) γ ·n γ5 χpi(k, P )
]
, (84)
kη being defined in equation (68).
The results obtained for the pion DA are very encouraging, both numerically and analytically.
Indeed, the algebraic parameterisation based on a simple Nakanishi representation (79)-(83) al-
lows to compute analytically the asymptotic pion DA. Then fitting the parameters of equations
(76) and (77) on the numerical solution of the DSEs provides a more realistic model for the pion
DA, deforming the asymptotic one. A similar approach has been developed in Ref. [42] for GPDs.
The idea is to use the algebraic parameterisation to highlight the main features of GPD mod-
elling through the Nakanishi representation, paving the way for numerical computations based on
equations (76) and (77).
4 Covariant computation of the pion GPD
4.1 Pion GPD Mellin moments
In this section, we review the modelling approach, within the previously described DSEs-BSE
framework, used in Ref. [42] and references therein, based on a covariant computation of a non-
perturbative matrix element which is generally performed through the so-called impulse approxi-
mation.
4.1.1 Local Impulse Approximation
Widely used to compute form factors, the impulse approximation corresponds in practice to model
the considered matrix element using a triangle diagram as shown on figure 8 (e.g. see refs. [23,
24, 35–39]). However, this approximation cannot be applied directly to the GPD itself, due to the
fact that, contrary to the form factor, the GPD is defined through a non-local matrix element.
Consistently modelling this operator is not a trivial task, but the problem of non-locality can
be circumvented. Indeed, as seen in equation (30), the Mellin moments of the pion GPD are
directly proportional to a local matrix element in terms of the covariant local twist-two operators
in equation (32). Yet, as emphasised in section 3, working in a DSEs-BSE framework means
4We remind the reader that the physics cannot depends on η because of translational invariance.
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working in the Landau gauge, and thus one should take the covariant derivative instead of the
partial one in equation (30). Expanding the covariant derivative leads to:
(
←→
D ·n)m =
1
2m
m∑
j=0
(
m
j
)
(
−→
∂ ·n− n ·←−∂ )j(2ig n ·A)m−j , (85)
where the gluon contributions explicitely appears. However, the choice done here is to focus only
on the term j = m, which corresponds to neglect the gauge link in the definition of the GPDs.
The reader may find this a bold approximation, but it has been argued in Ref. [149] that the gauge
link in twist-two operators along the lightcone brings only numerically negligible contributions.
The overall normalisation of the triangle diagram is controlled by the local twist-two operator.
A normalisation condition of the Bethe-Salpeter amplitude based on charge conservation in the
ladder approximation has been introduced by Mandelstam [150]. It relies on the computation of
a pion form factor at vanishing momentum transfer within the impulse approximation. The value
of the form factor is then fixed to 1. Consequently, as the form factor is the Mellin Moment of the
GPD H for m = 0, it consists in fixingM0(0, 0) to 1. Using the Ward-Takahashi identity (WTI):
i∆µΓµ(k +
∆
2
, k − ∆
2
) = S−1(k +
∆
2
)− S−1(k − ∆
2
), (86)
Mandelstam’s condition was shown [134, 151] to be equivalent to the canonical normalisation of
the Bethe-Salpeter amplitude given in equation (70).
4.1.2 Computations of Mellin Moments
Following the Mandelstam approach which ensures charge conservation, the m = 0 local twist-two
operator is assimilated to the vector current vertex Γµ. Higher-m operators are based on the first
one, taking into account the action of the (i
←→
D ·n)m on the incoming and outgoing quarks. In the
algebraic model presented in Sec. 3.2.2, when applied to the quark fields, these operators yield:
(k ·n)m. Consequently, the computation of the Mellin momentsMm(ξ, t) of the pion quark GPD
leads to:
2(P ·n)m+1Mm(ξ, t) = TrCFD
[∫
d4k
(2pi)4
(k ·n)m τ−iΓ¯pi
(
(1− η)
(
k +
∆
2
)
+ η(k − P ), P + ∆
2
)
S(k +
∆
2
) i n · Γ(k +
∆
2
, k − ∆
2
) S(k − ∆
2
)
τ+iΓpi
(
η(k − P ) + (1− η)
(
k − ∆
2
)
, P − ∆
2
)
S(k − P )
]
, (87)
k −∆/2 k +∆/2
k − P
P +∆/2P −∆/2
∆
k −∆/2 k + ∆/2
∆
k + P
P −∆/2 P +∆/2
Figure 8: Triangle diagram approximation. Left-hand side: case of the quark GPD. Right-hand
side: case of the anti-quark GPD.
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for the leftmost diagram of figure 8 (a similar equation works for the rightmost one), where S and
Γpi have been defined in equations (79) and (81), respectively. n · Γ(k + ∆2 , k − ∆2 ) stands for the
dressed quark photon vertex projected on the lightcone, and the τ± are linear combinations of the
Pauli matrices τ i:
τ± = τ1 ± iτ2. (88)
To ensure the normalisation of the pion GPD computed in the impulse approximation, one need
to use a vertex and a propagator consistent with the WTI (86). Relying on equation (79) for the
quark propagator, the WTI yields:
S−1(k +
∆
2
)− S−1(k − ∆
2
) = i∆ · γ, (89)
and thus, the minimal Ansatz required to fulfil the normalisation condition is Γµ = γµ. Then, the
DSEs-BSE inspired algebraic parametrisation in equations (79-83) can be applied to (87) (details
of the computation can be found in Ref. [42, 153]) and leads to:
Mm(ξ, t) = M
2
2pi2f2pi
∫ 1
0
dxdy dudv dw
∫ +1
−1
dz dz′ δ(x+ y + u+ v + w − 1)xν−1yν−1ρ(z)ρ(z′)
M4ν
2
[
Γ(2ν + 1)
Γ(ν)2
((
f∆ ·n+ gP ·n
((
∆
2
)2
− P 2
)
− 2P ·n
(
∆
2
)2)
1
(M ′)2ν+1
+
Γ(2ν)
Γ(ν)2
1
2
(
P ·n+
∆
2
·n
)
δ(v)
1
(M ′)2ν
+
Γ(2ν)
Γ(ν)2
1
2
(
P ·n− ∆
2
·n
)
δ(w)
1
(M ′)2ν
+
Γ(2ν)
Γ(ν)2
(f∆ ·n+ gP ·n) δ(u)
1
(M ′)2ν
]
(f∆ ·n+ gP ·n)m
2(P ·n)m+1
(90)
where:
f = f(x, y, v, w, z, z′) =
1
2
(
−1 + z
′
2
y +
1 + z
2
x+ v − w
)
, (91)
g = g(x, y, u, z, z′) =
(
1− z′
2
)
y + x
1− z
2
+ u, (92)
M ′2(t, P 2, x, y, u, v, w, z, z′) = M2 +
t
4
(
−4f2 + y
(
1 + z′
2
)2
+ x
(
1 + z
2
)2
+ v + w
)
+P 2
(
−g2 +
(
1− z′
2
)2
y +
(
1− z
2
)2
x+ u
)
. (93)
Figure 9: Mellin moments from equation (90) and obtained with the parameterisation of Ref. [152]
run with DGLAP equation down to Q = 0.40 GeV and 0.42 GeV.
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Figure 10: Left-hand side: the pion form factor Fpi computed at M = 0.35 GeV(solid black line),
0.25 GeV(dot-dashed blue line) and 0.45 GeV(dashed blue line), with ν = 1 for the three cases.
Experimental data are taken from Ref. [154, 155]. Right-hand side: zoom of the dashed square
in the leftmost plot allowing to emphasise the constraint provided by the large number of data
points in the low-momentum region.
A similar expression can be derived for the rightmost diagram of figure 8 and both can be numer-
ically evaluated to produce, for instance, the results plotted in figure 9.
4.1.3 Comparison to available data
Unfortunately, no experimental data are currently available for off-forward kinematics on a pion
target, despite some studies on virtual targets [117]. Therefore, the present model can be compared
only to PDF and form factors experimental data.
Owing to equation (29), the form factor can be computed by taking m = 0 in equation (90).
In this approach, two parameters enter the game, as explained in section 3.2.2: ν is fixed to 1
and only M remains as a free parameter, which drives the t-behaviour of the model. This can
be easily highlighted since after proper normalisation, equation (90) can be explicitly written in
terms of θ = t/M2, instead of t and M . As argued in Ref. [42], the fit of the m = 0 moment
to the available experimental data of Refs. [154, 155] allows for a precise determination of the
parameter M , although the interest of such a fit is limited here, as our main purpose is to explore
the possibilities offered by the DSE framework with regard to GPDs modelling. However, figure
10 shows that data are well described for M ' 0.35 GeV, which is a typical constituent quark
mass. The sensitivity of the model with respect to M is highlighted by plotting two additional
curves: one for M = 0.25 GeV and one for M = 0.45 GeV. The reader should note at this point
that the form factor is providing a mass scale to the algebraic model, whereas when solving DSEs,
the mass scale is intrinsic to the result.
The charge radius of the pion can also be determined here. The NA7 collaboration gives in
Ref. [154] its experimental result:
〈
r2pi
〉exp
= −6dFpi
dt
∣∣∣∣
t=0
= 0.439± 0.008 fm2. (94)
The model would reach agreement with the NA7 Collaboration value forM = 339±3 MeV, which
is close to the choice of M = 350 MeV.
Besides the pion form factor, the pion PDF has also been measured in the large-x region.
Recent analyses taking into account gluon resummation [152] have provided the community with
phenomenological parameterisations of the pion PDF. Consequently, it is possible to compute the
Mellin moments of these phenomenological parameterisations, and to compare them with the ones
computed in equation (90). However, the comparison can be done only at the same scale, and
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the scale of the Mellin moments of equation (90) is a priori unknown. Moreover, as the PDF is
taken at θ = 0, the dependence in M , the only mass scale directly available, vanishes. The idea
developed in Ref. [42] is thus to consider the scale µF as a free parameter. The Mellin moments
of the phenomenological parameterisations of Ref. [152] have thus been evolved to lower scales.
The relevant scale is then selected when the evolved phenomenological Mellin moments are in
agreement with the ones computed through equation (90). As shown on figure 9 this corresponds
to a low scale, close to the one chosen forM and thus highlighting the consistency of this approach.
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Figure 11: Right-hand side: Values of f and g when generating the Feynman parameters in a
Monte-Carlo approach using 2.105 points. The shape of a half-rhombus clearly appears.
4.2 From Mellin moments to GPDs
Going from the Mellin moments to the pion GPD itself is a priori possible through the so-called
Mellin-Barnes inverse transform [108]. However, this technique has been performed for models
much simpler than the integrals in equations (90) only, and is hardly practicable here. Therefore,
one should turn to other approaches.
4.2.1 Tensorial structure and Double Distributions
Instead, one can try to express the Mellin moments of equation (90) in the same way as in equation
(47), in order to identify the DDs F q(β, α, t) and Gq(β, α, t). This can actually be done, providing
that one can identify the relevant variable β and α with the good support Ω, described in equation
(45). From equation (90), the natural candidates are:{
β = g
α = −f , (95)
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Figure 12: DDs F for ν = 1 (left-hand side) and ν = 2 (right-hand side).
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Figure 13: DDs G for ν = 1 (left-hand side) and ν = 2 (right-hand side).
where f and g have been defined in equations (91) and (92). The proof that f and g describe
actually a half-rhombus can be found in [42]. But it is plain when looking at figure 11. Identi-
fying the DDs F q(β, α, t) and Gq(β, α, t) requires then a change of variables from the Feynman
parameters to the DD variables β and α, i.e. following the pattern:∫ 1
0
dxdy dudv dw
∫ +1
−1
dz dz′ δ(x+y+u+v+w−1)φ(x, y, u, v, w, z, z′) =
∫
Ω
dβ dαΦ(β, α). (96)
Such a change of variable is non-trivial, but has been identified and performed in Ref. [42] leading
to the DDs illustrated in figures 12 and 13 for t = 0.
4.2.2 GPDs reconstruction: successes and weaknesses
From the DDs, it is possible to compute the pion GPD through the relation (46). The results for
ν = 1, ξ ≥ 0 and t = 0 yields in the DGLAP region:
Hux≥ξ(x, ξ, 0) =
48
5
{
3
(−2(x− 1)4 (2x2 − 5ξ2 + 3) log(1− x))
20 (ξ2 − 1)3
3
(
+4ξ
(
15x2(x+ 3) + (19x+ 29)ξ4 + 5(x(x(x+ 11) + 21) + 3)ξ2
)
tanh−1
(
(x−1)ξ
x−ξ2
))
20 (ξ2 − 1)3
+
3
(
x3(x(2(x− 4)x+ 15)− 30)− 15(2x(x+ 5) + 5)ξ4) log (x2 − ξ2)
20 (ξ2 − 1)3
+
3
(−5x(x(x(x+ 2) + 36) + 18)ξ2 − 15ξ6) log (x2 − ξ2)
20 (ξ2 − 1)3
+
3
(
2(x− 1) ((23x+ 58)ξ4 + (x(x(x+ 67) + 112) + 6)ξ2 + x(x((5− 2x)x+ 15) + 3)))
20 (ξ2 − 1)3
+
3
((
15(2x(x+ 5) + 5)ξ4 + 10x(3x(x+ 5) + 11)ξ2
)
log
(
1− ξ2))
20 (ξ2 − 1)3
+
3
(
2x(5x(x+ 2)− 6) + 15ξ6 − 5ξ2 + 3) log (1− ξ2)
20 (ξ2 − 1)3
}
, (97)
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Figure 14: The pion GPD Hq computed for ν = 1 at vanishing t.
and:
Hu|x|≤ξ(x, ξ, 0) =
48
5
{
6ξ(x− 1)4 (− (2x2 − 5ξ2 + 3)) log(1− x)
40ξ (ξ2 − 1)3
+
6ξ
(−4ξ (15x2(x+ 3) + (19x+ 29)ξ4 + 5(x(x(x+ 11) + 21) + 3)ξ2) log(2ξ))
40ξ (ξ2 − 1)3
+
6ξ(ξ + 1)3
(
(38x+ 13)ξ2 + 6x(5x+ 6)ξ + 2x(5x(x+ 2)− 6) + 15ξ3 − 9ξ + 3) log(ξ + 1)
40ξ (ξ2 − 1)3
+
6ξ(x− ξ)3 ((7x− 58)ξ2 + 6(x− 4)xξ + x(2(x− 4)x+ 15) + 15ξ3 + 75ξ − 30) log(ξ − x)
40ξ (ξ2 − 1)3
+
3(ξ − 1)(x+ ξ) (4x4ξ − 2x3ξ(ξ + 7) + x2(ξ((119− 25ξ)ξ − 5) + 15))
40ξ (ξ2 − 1)3
+
3(ξ − 1)(x+ ξ) (xξ(ξ(ξ(71ξ + 5) + 219) + 9) + 2ξ(ξ(2ξ(34ξ + 5) + 9) + 3))
40ξ (ξ2 − 1)3
}
, (98)
in the ERBL one. These results are illustrated on figure 14. Equations (97) and (98) deserve
several comments. First, several properties listed in section 2 are fulfilled as a direct consequence
of the DD properties. It is the case of the support property, the parity in ξ, and the polynomiality
property, despite the presence of logarithms in the contributions of the DGLAP and ERBL region
to final results. The forward limit can be computed, leading to the following formula for the PDF
computed in the triangle diagram approach:
qTrpi (x) =
72
25
(
(30−15x+8x2−2x3)x3 log x+(3+2x2)(1−x)4 log(1−x)+(3+15x+5x2−2x3)x(1−x)
)
.
(99)
The result on the pion PDF is analysed in section 6.
Still one property is not fulfilled here: the positivity. Indeed, as qTrpi (x) → 0 when x → 0, one
should have:
|H(x, ξ, t)| ≤
√
H
(
x− ξ
1− ξ , 0, 0
)
H
(
x+ ξ
1 + ξ
, 0, 0
)
→ 0 when x→ ξ. (100)
Thus, Hq should vanish on the line x = ξ. From figure 14, this is obviously not the case. The
reason why the positivity property is violated in this approach remains unknown, but one cannot
exclude that it might be a facet of the algebraic model used for the computations and that, when
using the full solution of the DSEs, the problem might not exist any more.
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5 Chiral properties and soft pion theorem
As stated above, the pion GPD model building cannot be constrained by experimental results for
an off-forward kinematics. However, the verification of the soft pion theorem is a challenging test
that a proper model must pass beyond the forward kinematics, at ξ = 1 and t = 0. We stress
now the minimal requirements needed for a DSE-BSE inspired model to succeed in fulfilling the
theorem.
5.1 Consequences of the Axial-Vector Ward Takahashi Identity
Both Γ5µ(k, P ) and Γ5(k, P ) can be written in terms of the pion Bethe-Salpeter amplitude Γjpi(k, P )
[136]:
Γ5jµ (k, P ) =
τ j
2
γ5 [γµFAV (k, P ) + γ · kkµGAV (k, P )− σµνkνHAV (k, P )]
+Γ˜5jµ (k, P ) +
fpiPµ
P 2 +m2pi
Γjpi(k, P ), (101)
and
iΓ5j(k, P ) =
τ j
2
γ5 [iEA(k, P ) + γ ·PFA(k, P ) + γ · kk ·PGA(k, P )
+σµνk
νPµHA(k, P )] +
ρpi
P 2 +m2pi
Γjpi(k, P ), (102)
with ρpi being a constant and j the isospin index. E,F,G and H are scalar functions with no
singularities at P 2 = −m2pi. Γ˜5jµ is also a non-singular contribution to the axial-vector vertex at
the pion mass. Therefore, working in the chiral limit, one can relate the axial-vector and axial
vertices to the Bethe-Salpeter amplitude through:
lim
P→0
PµΓ5jµ (k, P ) = fpiΓ
j
pi(k, 0), (103)
lim
P 2→0
iP 2Γj5(k, P ) = ρpiΓ
j
pi(k, P )
∣∣
P 2=0
. (104)
Injecting equation (103) within the AVWTI defined in equation (71) one gets:
fpiΓ
j
pi(k, 0) = iγ5
τ j
2
S−1(k) + iS−1(k)γ5
τ j
2
, (105)
in the chiral limit. Using the expansion of Γjpi(k, 0) in equation (69) and of S−1(k) in equation
(60), it is possible to simplify equation (105) in a Goldberger-Treimann-like relation [136, 156]:
fpiEpi(k, 0) = Bq(k
2) = Mq(k
2)Aq(k
2). (106)
Consequently, the internal structure of the pion is directly related to the running dressed quark
mass Mq.
5.2 Soft Pion Theorem
In the chiral limit, the AVWTI plays a key role in recovering the so-called soft pion theorem
described in section 2. As it has been highlighted in Ref. [43], when properly taken into account,
the AVWTI allows the computation of the pion GPDs to fulfil the soft pion theorem within the
impulse approximation. To show this, one first has to look at the kinematics in which the soft
pion theorem applies:
ξ = 1 ⇒ ∆+ = −2P+,
m2pi = 0 ⇒ (P +
∆
2
)2 = 0⇒ ∆⊥ = 0⇒ P− = 0,
t = 0 ⇒ ∆− = 0. (107)
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Therefore, on figure 8, the momentum of the outgoing pion p2 = P + ∆2 vanishes, whereas the
incoming pion is a lightlike particle as p1 = 2P+. At vanishing momentum, one can consider the
Bethe-Salpeter amplitude of the outgoing pion as the limit of the axial-vector vertex as shown
in equation (103). On the other hand, the momentum of the incoming pion being such that
p21 = (2P )
2 = ∆2 allows one to use equation (104) to express the Bethe-Salpeter amplitude in
terms of the axial vertex. More formally, one can write:
Mm(ξ = 1, t = 0) = lim
t→0
lim
ξ→1
lim
m2pi→0
TrCFD
[∫
d4k
(2pi)4
(k ·n)mτ−
2(P ·n)m+1
i
(P + ∆2 )
µ
fpi
Γ¯5µ
(
(k − P ) , P + ∆
2
)
× S(k − P ) i n · Γ(k − P, k + P ) S(k + P ) τ+i
i(P 2 + (∆2 )
2)
ρpi
Γ5
(
(k + P ) , P − ∆
2
)
S(k − P )
]
.
(108)
Injecting the AVWTI (71) in equation (108) and taking the chiral limit leads to:
(P +
∆
2
)µΓ¯5µ
(
(k − P ) , P + ∆
2
)
= iγ5S
−1(k − P ) + S−1(k − P )iγ5, (109)
for P + ∆2 → 0. Then injecting equation (109) into equation (108), one gets:
Mm(ξ = 1, t = 0) = lim
t→0
lim
ξ→1
TrCFD
[∫
d4k
(2pi)4
(k ·n)mτ−
2(P ·n)m+1
i
fpi
×
(
iγ5 i n · Γ(k − P, k + P ) S(k + P ) τ+i
i(P 2 + (∆2 )
2)
ρpi
Γ5
(
(k + P ) , P − ∆
2
)
S(k − P )
+ iγ5S(k − P ) i n · Γ(k − P, k + P ) S(k + P )τ+i
i(P 2 + (∆2 )
2)
ρpi
Γ5
(
(k + P ) , P − ∆
2
))]
.
(110)
Consequently, one has to compute two contributions containing only two dressed vertices instead
of three. To do so, it is necessary to “unfold” these vertices. Both of them fulfil an inhomogeneous
Bethe-Salpeter equation, and therefore in the RL approximation of equation (73), they can be
seen as an infinite sum of gluons ladder:
=
∞∑
n=0
1 · · · n , (111)
where n stands for the number of considered gluon ladders, and n = 0 correspond to the “un-
dressed” case, i.e. when no gluon is exchanged between the two quarks. The Dirac matrices γ5 in
equation (110) are thus trapped between two sets of gluon ladders. Nevertheless, relabelling the
series leads to the following contributions:
∞∑
n2=0
∞∑
n1=0
1 · · · n1 1 · · · n2iγ5S−1 +S−1iγ5 ∝ ∞∑
n=0
n∑
j=0
1j
+1
n
iγµγ5 j
+
1j
+1
n
iγ5γµ
j
,
(112)
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where n stands now for the total number of gluon ladder in the diagram, and the j index is
such that the AVWTI is inserted between the jth and the (j + 1)th gluon ladder. As γ5 and γµ
anticommute, for a given n, only two contributions on the right-hand side of equation (112) do not
cancel completely each other. In the case of the first ladder in equation (112) it is the contribution
for j = n, whereas in the case of the second ladder, it is the one for j = 0. These two contributions
have a very specific meaning. Indeed, in both case, one of the vertices is considered as “undressed”,
as there is no gluon ladder between the insertion and the vertex itself. On the other hand, this
analysis being valid for any n, one can resum the contributions for n from 0 to infinity. This is
exactly what is done in equation (111), allowing one to get back the dressed vertex in the RL
approximation. As a result, equation (110) yields:
Mm(ξ = 1, t = 0) = lim
t→0
lim
ξ→1
TrCFD
[∫
d4k
(2pi)4
(k ·n)mτ−
2(P ·n)m+1
i
fpi
×
(
iγ5 i n · γ S(k + P ) τ+i
i(P 2 + (∆2 )
2)
ρpi
Γ5
(
(k + P ) , P − ∆
2
)
S(k − P )
+ S(k − P ) i n · Γ(k − P, k + P ) S(k + P )τ+i
i(P 2 + (∆2 )
2)
ρpi
i(γ5)
2
)]
.
(113)
Taking the limit ξ → 1 and t → 0 leads to (P 2 + (∆2 )2) → 0. Thus in equation (113), the first
contribution, depending on Γ5
(
k + P, P − ∆2
)
can be written in terms of the pion Bethe-Salpeter
amplitude through equation (104). The second one actually vanishes, due to the lack of poles in
Γ(k − P, k + P ) when (P 2 + (∆2 )2) → 0, i.e. there is no massless vector meson. One is therefore
left with:
Mm(1, 0) = TrCFD
[
1
fpi
∫
d4k
(2pi)4
(k ·n)mτ−
2(P ·n)m+1
γ5 n · γ S(k + P ) τ+Γpi
(
(k + P ) , P − ∆
2
)
S(k − P )
]
.
(114)
Then, the following change of variables:{
p1 = 2P
k′ = k + P , (115)
leads to:
Mm(1, 0) = TrCFD
[
1
fpi
∫
d4k′
(2pi)4
(k′ ·n− P ·n)mτ−
2(P ·n)m+1
γ5 n · γ τ+ χpi(k′, p1)
]
= TrCFD
[
1
fpi p1 ·n
∫
d4k′
(2pi)4
(
2
k′ ·n
p1 ·n
− 1
)m
γ5 n · γ τ+ χpi(k′, p1)
]
= TrCFD
[∫
du(2u− 1)m 1
fpi
∫
d4k′
(2pi)4
δ(u p1 ·n− k ·n)γ5 n · γ τ+ χpi(k′, p1)
]
=
∫
du(2u− 1)mϕpi(u), (116)
where ϕpi is the pion DA defined, as defined in equation (84) in terms of the Bethe-Salpeter
wave function. As a continuous compactly supported function is uniquely defined by its Mellin
moments, one can conclude that:
Hqpi(x, 1, 0) =
1
2
ϕpi
(
1 + x
2
)
, (117)
in agreement5 with the literature [7]. In terms of isovector and isoscalar GPDs, one gets back
equation (20).
5Depending on the conventions used, an additional factor 1/2 may appear in the literature, like for instance in
Ref. [48].
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Summarising the proof above, one can say that the impulse approximation is compatible with
the soft pion theorem in the chiral limit, under two main conditions. First, one has to work within
a truncation scheme which fulfils the so-called AVWTI. Then, one can proove that the soft pion
theorem is fulfilled when using the RL truncation scheme. One can expect that to go beyond the
chiral limit, a more refined truncation scheme is needed, providing a way to better describe the
Dynamical Chiral Symmetry Breaking than the RL approximation of equation (73). Indeed, from
the proof presented above, we expect the fulfilment of the soft pion theorem by a DSE-BSE based
GPD model, to be deeply related to the way the truncation scheme dynamically breaks chiral
symmetry.
6 Beyond the impulse approximation
As seen in the previous sections, the impulse approximation allows the building of simple models of
GPDs, which fulfil most of the theoretical constraints discussed in section 2. It is also consistent,
in the relevant off-forward kinematic limit, with the soft pion theorem, within the RL truncation
scheme and provided that the AVWTI is also verified. It remains nevertheless an approximation
whose limitations can already be seen in the forward limit.
6.1 Forward kinematics implications
In the following, we will show how, according to Ref. [41], the valence-quark PDF appears distorted
by the impulse approximation. Introducting the appropriate amendments, it is possible to go
beyond this approximation highlight the basic features of the PDF.
6.1.1 Asymmetry of the PDF
Indeed, in the approach exposed in the previous section, one considers that the pion is composed of
two effective dressed quarks. From discrete and isospin symmetries detailed in equations (12)-(18),
it is possible to conclude that the two quark pion GPDs are such that:
Hupi+(x, ξ, t) = H
d¯
pi+(x, ξ, t). (118)
In the forward case, for the valence-quark PDF where neither sea-quark nor gluon contributions
do not play any role, momentum conservation adds a strong constraint. Valence distributions
are normalised to 1 and number densities become probability densities. Therefore, if one has a
probability density to find a u quark carrying a momentum fraction x, then, a d¯ can be found with
the same probability density but carrying a 1 − x momentum fraction. Together with equation
(118), momentum conservation imposes the pion two-body PDF to be symmetric under the trans-
formation x↔ (1−x). On top of this, it has been also proved that, in a two-body framework, the
forward limit for the GPD in the so-called overlap representation results in a symmetric PDF [43].
However, the results obtained in equation (99) slightly violate the x↔ (1−x) symmetry, as it will
also be shown on figure 16. Then, when computing the pion GPD within the covariant approach
and impulse approximation, one necessarily misses an important piece of information.
6.1.2 Additional symmetrising Contributions
According to Ref. [41], the flaw in the valence-quark PDF comes from contributions related to
gluons binding the quarks into the pion that, within the impulse approximation, are explicitly
omitted. Therein, the drawback is discussed and the appropriate correction to the usual PDF
definition within the impulse approximation is described. The discussion is made there in terms
of the virtual Compton scattering amplitude in the RL truncation scheme. Ref. [41] presents a
diagram analysis, which shows how the textbook handbag contribution can be approximated to
the triangle diagram, typically the only retained. But it also shows how additional terms emerge
and the role played by the latter in order to recover the basic features for the PDF.
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Here, we will follow the alternative approach shown in Ref. [153] to both exhibit the failure of
the impulse approximation and pinpoint the correct amendment in the forward limit, relying on
the proper definition of the twist-two local operators. In the impulse approximation, the insertion
of the twist-two local operators is solely done “between” two Bethe-Salpeter amplitudes, leading
to the triangle diagram. Nonetheless, as suggested on figure 15, one can also imagine that the
operators can be directly inserted “inside” the Bethe-Salpeter vertices, for either the incoming or
outgoing hadrons. Precisely, such a direct insertion is needed to reproduce the omitted diagrams
in the usual PDF computations within the impulse approximation [43, 153].
In order to figure out how these new contributions are related to the Bethe-Salpeter amplitude,
one has to “unfold” the latter. Indeed, the RL kernel in equation (73) suggests that the Bethe-
Salpeter amplitude is composed of a infinite number of gluon exchanges between the two quarks. In
this view, it is then possible to insert the twist-two operator between any of these gluon exchanges.
Therefore, the “squared” vertex can be considered as a sum over all the possible ways to include
the local twist-two operators between two gluon ladders, i.e. :
=
∞∑
j=0
j
j+1
kj
qj qj+1 , (119)
where as in figure 8, the cross indicate the insertion of the twist two operators between the jth
and the (j + 1)th gluons. In momentum space, this contribution can be written as:
nµnµ1 · · ·nµmO{µ,µ1···µm} → (k ·n)m i Γ(k −
∆
2
, k +
∆
2
) ·n, (120)
for non-vanishing values of ∆. As before, Γ(k− ∆2 , k+ ∆2 ) ·n denotes the projection of the vector
current on the lightcone. As previously, this vertex has to fulfil the WTI (86). In the forward
case, this leads to:
iΓµ(kj , kj) =
∂S−1
∂kµj
(kj), (121)
kj being the quark momentum as defined in equation (119). Denoting qj the momentum of the
jth gluon exchanged, momentum conservation imposes kj+1 = kj + qj+1. Therefore, being given
that P , the pion total momentum and k, the relative momentum between the quarks are given,
the relevant “internal variables” of the Bethe-Salpeter amplitude are the {qj}s. Therefore, one can
formally rewrite the momenta kj as:
kj = k −
∞∑
`=j+1
q`. (122)
The derivative of the inverse propagator can be now related to the propagator itself through:
∂S
∂kµj
(kj) = −S(kj)∂S
−1
∂kµj
(kj)S(kj), (123)
we can next take advantage of the change of variable in equation (122) to, as follows,
∂S
∂kµj
(kj) =
∂S
∂kµ
(kj) , (124)
let the derivative act on the outgoing momentum k instead of kj . Then, as the derivative in
equation (124) does not depend on j anymore, the infinite sum over all the possible insertions can
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Figure 15: Additional contributions to the triangle diagrams. The circle vertices correspond to
the Bethe-Salpeter amplitudes, whereas the squared vertices denote a new non-perturbative object
related to the Bethe-Salpeter amplitude but on which the twist-two operators also act.
be reduced to the derivative of the Bethe-Salpeter amplitude itself:
= −1
2
(k ·n)mnµ
∂Γqpi
∂kµ
(k, P ) . (125)
The factor 1/2 stands here to avoid double counting: isospin and crossing symmetries authorize
the definition of the GPD by an insertion only sticking either on the quark (as here) or on the
anti-quark line; however, the derivative of the Bethe-Salpeter amplitude in (125) acts on all the
propagators of both the quark and the antiquark lines in (119), both yielding the same result; then,
one needs to correct for an spurious factor 2 in order to defining the additional proper contribution
to the pion GPD.
6.1.3 Computations and results
We can now plug equation (125) for the new vertices in the additional contributions for pion PDF
displayed in figure 15 and apply next the computation techniques developed in section 4. Owing
to equation (81), the derivative of the Bethe-Salpeter amplitude yields:
∂Γqpi
∂kµ
(k, P ) = −2ν
∫
dz
M2νρ(z)
(
kµ − ( 1−z2 − η)Pµ)
)[(
k − ( 1−z2 − η)P
)2
+M2
]ν+1 . (126)
In the forward limit, both the two additional diagrams shown on figure 15 give the same results
and one can thus define the additional contribution to the PDF Mellin moments as:
Madm (0, 0) = TrCFD
[
−
∫
d4k
(2pi)4
(k ·n)m
2(P ·n)m+1
τ−iΓ¯pi (k, P )S(k)τ+inµ
∂Γpi
∂kµ
(k, P )S(k − P )
]
.
(127)
Then, following the procedure described in section 4, one can obtain from this additional con-
tribution a supplement to the DDs that had been previously computed from (90), denoted now
F ad(β, α, 0) and Gad(β, α, 0). Using equations (46) and (21), these new terms result in the addi-
tional contribution to the pion PDF:
qadpi (x) =
∫ 1−x
−1+x
dαF ad(x, α, 0) =
72
25
(
− (2x3 + 4x+ 9) (x− 1)3 log(1− x)
+x3(2x((x− 3)x+ 5)− 15) log(x)− x(x− 1)(2x− 1)((x− 1)x− 9)
)
. (128)
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Figure 16: PDF contributions. In red the qTrpi (x) coming from the triangle diagram, in blue the
additional contribution taking into account the derivative of the Bethe-Salpeter amplitude qadpi (x),
and in black solid line the total PDF qtotpi (x). The black dotted line corresponds to PDF obtained
by applying the overlap representation that will be discussed in the next section.
Adding this component to the one coming from the impulse approximation (99), one gets the total
PDF:
qtotpi (x) =q
Tr
pi (x) + q
ad
pi (x) =
72
25
(
(−2x(1− x)− 3x+ 15)x3 log(x)
− (−2x(1− x)− 3(1− x) + 15) (x− 1)3 log(1− x)− 2x(x− 1)((x− 1)x+ 6)
)
, (129)
which, as a remarkable feature, is symmetric under the x↔ 1−x exchange. Then, the contribution
from the two additional diagrams, including the “squared vertex” defined by (125), on figure 15,
exactly cancels the asymmetry noticed before. This is illustrated by the black solid curve displayed
in figure 16.
A few further remarks are appropriate here. The contribution resulting from the derivative of
the Bethe-Salpeter amplitude does leave the pion form factor unaltered. This is plain on figure
16, as it is antisymmetric within the x ↔ 1 − x exchange. Therefore, the normalisation of the
PDF can be determined only through the triangle diagram contribution, which is fully consistent
with Mandelstam normalisation procedure, as explained in section 3. One can also check the
momentum sum rule which here yields:∫ 1
0
dx
[
qTrpi (x) + q
ad
pi (x)
]
=
117
250
+
8
250
=
1
2
, (130)
fully in agreement with a valence-quark two-body picture, as both quark and antiquark carry on
average 1/2 of the total momentum. It is worthwhile to emphasise that the triangle diagram, by
its own, is not able to fulfil this sum rule. Furthermore, in ref. [157], some corrections to the RL
truncation originally used to define the PDF are included to make possible for some momentum
its shifting from dressed quarks to sea-quarks and gluons and, thus, obtain a realistic PDF beyond
the two-body picture which compares well with available experiment. A last comment on the
large-x behaviour for the present PDF model is also in order. Indeed, one is left with:
qtotpi (x) =
216
5
(1− x)2 +O ((1− x)3) , (131)
when x→ 1. This is in agreement with the power law derived through the parton model [158, 159].
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Either in perturbative QCD [160, 161], or in Dyson-Schwinger equations computations [44, 162,
163], a large-x behaviour such that qpi(x) ∼ (1− x)2+γ is predicted, with γ > 0.
6.2 Three-dimensional sketch of the pion
The additional diagrams including the vertex in equation (125) yield a new contribution to the
pion GPD in the forward case which allows for the restoration of the x ↔ 1 − x symmetry. Its
generalisation to the off-forward kinematics regime is a hard task and remains an open question.
The relation of these additional terms with the positivity property, violated in our computations
done within the impulse approximation, is also unclear. However, at vanishing ξ, as described in
Ref. [43], one can obtain an approximated result for the GPD and its associated impact-parameter
dependent distribution, see equation (43), which provides a qualitatively sound picture of the pion’s
dressed-quark structure at an hadronic scale. Indeed, one can write the non-skewed pion GPD as:
Hqpi(x, 0, t) = H
q
pi(x, 0, 0)N (t)Cqpi(x, t)F qpi(t), (132)
where F qpi(t) is the quark contribution to the pion form factor, Cq(x, t) encodes the correlations
between x and t, and N q(t) is a normalisation factor such that:
1 = N q(t)
∫
dx Hqpi(x, 0, 0)C
q
pi(x, t). (133)
It is then possible to build an insightful pion GPD Ansatz based on the previous calculations. As
already shown on figure 10, the impulse approximation provides a form factor in good agreement
with experimental data. Yet, the vector current vertex can be appropriately dressed to account
for its extended nature [34]. The latter is proved not to generate new (x, t) correlations and only
affect slightly the t-behaviour of the form factor, such that the mass-scale M for the algebraic
model, see equations (79-83), appears just shifted from 0.35 to 0.40 GeV in order to reproduce
experimental data [43]. The PDF qtotpi (x) = Hqpi(x, 0, 0) has been also computed in the previous
section and the result is given in equation (129). Within this framework, the only missing piece is
Cqpi(x, t), which should not be identically one in realistic approaches [164].
In order to get sensible insights of the (x, t) correlations, computations of an additional F -type
DD have been performed using the following approximation for the Mellin moments [43], which is
a generalisation of equation (127):
Madm (ξ, t) =
1
2
∫
d4k
(2pi)4
TrCDF
[
n ·
∂Γ¯pi
∂k¯
(k +
∆
2
, P +
∆
2
)S(k − P )Γpi(k − ∆
2
, P − ∆
2
)S(k − ∆
2
)
+Γ¯pi(k +
∆
2
, P +
∆
2
)S(k − P )n · ∂Γpi
∂k
(k − ∆
2
, P − ∆
2
)S(k +
∆
2
)
]
(k ·n)m
(P ·n)m+1
.
(134)
This expression provides the proper forward limit, incorporating the contributions from the ad-
ditional diagrams in figure 15, as can be easily seen by an explicit evaluation at ∆ → 0 and
comparison with equation (127). Nevertheless, the resulting non-forward GPD is also flawed by
the approximated extension to the off-forward kinematics defined by (134). In particular, in the
limit given by ξ = 1 and t = 0, equation (134) gives a non-vanishing contribution, whereas from
the previous section, we expect this term to vanish. Indeed, the impulse approximation already
provides the soft pion theorem in the RL truncation scheme, as soon as the AVWTI is well imple-
mented. However, The results from (134) make possible a thoughtful study of the structure for
the (x, t) correlations and, finally, lead to an additional component for the F -type DD such that
the total F tot(β, α, t) can be seen as:
F tot(β, α, t) = FTr(β, α, t) + F ad(β, α, t)
= φ2(β, α, t)
[
F sym(β, α) +
t
4M2
V (β, α)φ(β, α, t)
]
, (135)
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Figure 17: H(x, 0, t) using the correlation model of equation (137). Left-hand side: Original scale
µF = 0.51 GeV. Right-hand side: Evolved GPD at scale µF = 2 GeV. Plots are from Ref. [43].
where F sym is the contribution leading to the symmetric PDF qtotpi (x), and φ is given by:
φ(β, α, t) =
1
1 + t4M2 (1 + α− β)(1− α− β)
. (136)
Lightcone considerations (see Ref. [43]), suggest that V (β, α) shows a pathological behaviour,
presumably due to the simple modelling done in equation (134).
These considerations allow an Ansatz for Cqpi(x, t) based for simplicity on φ(β, α = 0, t):
Cqpi(x, t) = φ(x, 0, t)
2 =
1(
1 + t4M (1− x)2
)2 , (137)
which is shown [43] not to differ very much from the same obtained with a heuristic model for
light-cone wave function applied to obtain the GPD in the overlap representation [164]. One should
note that at large-x, Cqpi(x, t) → 1, and thus, the perturbative behaviour previously highlighted
remains. Using equation (132) it is then possible to compute the GPD itself. The result is shown
on the left-hand side of figure 17. Starting from a symmetric distribution, as t grows, the GPD
becomes more and more asymmetric, the maximum being shifted toward the large-x region. In
addition, the distribution is also flattened as t grows. Evolution does not change this latter point
significantly, but it shifts the entire distribution to the small-x region, as shown on the right-hand
side of figure 17. The PDF is therefore no more symmetric. This can be easily understood, as
evolution unravels the substructure of dressed quarks in terms of sea-quarks and gluons, which
carry a smaller amount of the total pion momentum.
Equation (43) allows to compute the 3D dressed quark density in the transverse plane. As
shown on figure 18, when x goes to 1, the distribution becomes narrower. Indeed, in this case, the
considered parton carries most of the available momentum. Therefore, it defines the barycentre of
the pion in the transverse plane, and the probability to find it far from |b⊥| = 0 collapses. On the
other hand, when x leaves the neighbourhood of 1, this constraint is released, and as expected, the
distribution becomes broader. This is fully consistent with the widening observed when evolving
the impact space parameter distribution, since, as highlighted previously, sea quarks and gluons
coming from the structure of the dressed quarks carry smaller fractions x of the pion momentum.
These points are more visible on figure 19, which shows the second moment of the distribution
in b⊥ computed as: 〈
b⊥(x)2
〉
=
∫
d2b⊥ ρq(x,b⊥)b2⊥. (138)
Interestingly enough, correlations lead to a significant deviation from a symmetric
〈
b⊥(x)2
〉
dis-
tribution with respect to x ↔ 1 − x, emphasising the importance of such correlations in our
understanding of hadrons.
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Figure 18: q(x,b⊥) using the correlation model of equation (137). Left-hand side: Original scale
µF = 0.51 GeV. Right-hand side: Final scale at µF = 2 GeV.
Figure 19: Distribution of the pion’s mean-square transverse extend
〈|b⊥(x)|2〉 from equation
(138) as a function of the longitudinal momentum fraction x. The short-dashed green curve is
obtained with Cqpi(x, t) = 1, the blue long-dashed one with Cqpi(x, t) given in equation (137), and
the solid line is the evolution of the dashed one from 0.51 GeV to 2 GeV. This figure comes from
Ref. [43].
6.3 Strength and weakness of the covariant approach
The covariant modelling of the pion GPD reveals itself to be very encouraging. First, it allows
computations in the DSE-BSE framework, due to the use of the Nakanishi representation. Such
a representation has been used here to define an algrebraic and insightful model of the Bethe-
Salpeter amplitude and of the quark propagator. The pion GPDs computed within the algebraic
model fulfils the required GPDs theoretical constraints, with the highlighted exception of pos-
itivity. However, the comparison with available experimental data is satisfying. It also sheds
light on the complications related to the use of a momentum dependent Bethe-Salpeter ampli-
tude. Indeed, the study of the soft pion theorem made here has stressed the importance of the
so-called AVWTI, which relates the Bethe-Salpeter amplitude with the quark propagators, con-
straining the k-dependence of the running quark mass. In the forward case, the absence of the
x ↔ 1 − x symmetry highlights the intrinsic limitations of the impulse approximation in the
case of momentum-dependent vertices. Once again, we would like to emphasise that the last two
points are somehow invisible for the class of theories using momentum independent vertices, like
for instance Nambu-Jona-Lasinio type models [165].
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On the other hand, at the time of writing, the restoration of the x ↔ 1 − x has led to the
consideration of additional terms, which expressions are known only in the forward case. This
situation make difficult any correct prediction of the ξ-behaviour of the GPDs. These might also
be responsible for the restoration of the positivity property. However they have to vanish in the
soft pion limit, due to the consistency of the impulse approximation in this case. With no other
clues, different strategies must be considered. Among the possibilities, the lightcone formalism
provide an alternative way to model GPDs, as explained in the next section.
7 Lightcone formalism
In previous sections, a covariant approach have been followed to model the valence quark GPD,
based first on the impulse approximation and including then some additional contributions needed
to amend flaws already present in the forward limit. Pinpointing the proper corrections beyond
the impulse approximation is a hard task for off-forward kinematics. Therefore, an alternative
approach is desirable. In particular, the so-called overlap representation [6, 49, 94, 164] has been
invoked in ref. [43] to illustrate the symmetries about the momentum fraction carried by quarks
in the two-body problem and provide then with an insightful guide to model its correlations with
the momentum transfer. As we will see, if we are provided with a sensible lightcone wave function,
the overlap representation opens an avenue to model GPDs, in such a way that the x ↔ 1 − x
symmetry of the forward limit is, by construction, fulfilled. In the following, we hightlight how
the DSEs allows to compute GPDs using the overlap representation.
7.1 Lightcone wave functions
Before describing GPDs in the lightcone formalism, we start here by reminding the reader some
basics about lightcone physics.
7.1.1 Basic facts on lightcone formalism
At a given lightcone time, for instance z+ = 0, let us split the fields ψq(z) into a dynamically
independent component, usually called the good field and denoted as φq(z), and a so-called “bad”
component, which can be deduced from the good one. The good component is a projection of the
Dirac field using Π+ = 12γ
−γ+. It can be written in terms of a Fourier transform of creation and
annihilation operators through:
φq(z−, z⊥) =
∫
dk+
k+
d2k⊥
16pi3
Θ(k+)
∑
µ
[
bq(w)u+(w)e
−i(k+z−−k⊥ · z⊥)
+d†q(w)v+(w)e
i(k+z−−k⊥ · z⊥)
]
, (139)
where µ denotes here the polarisation and w = (k+,k⊥, µ). The colour indices are omitted for
brevity. Θ denotes here the Heaviside function, and u+ and v+ are the “good” component of the
spinors obtained after projecting using Π+. The same procedure can be applied to define the
transverse component of the gluon field on the lightcone. The creation and annihilation operators
follows the usual anticommutation relations:{
bq′(w
′), b†q(w)
}
=
{
dq′(w
′), d†q(w)
}
= 16pi3k+δ(k′+ − k+)δ(2)(k′⊥ − k⊥)δµ′µδq′q, (140)
and it is assumed that they act on a trivial perturbative vacuum |0〉 to generate partonic states:
|q;w〉 = b†q(w) |0〉 ,
|q¯;w〉 = d†q(w) |0〉 . (141)
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7.1.2 Hadrons in the lightcone formalism
Then, according to the definitions of the partonic Fock states (141), it is possible to expand a
hadron state |H;P, λ〉 of momentum P and polarisation λ on a Fock space of a given number N
of partons of quantum numbers generically denoted β, |N, β, k1 · · · kN 〉:
|H;P, λ〉 =
∑
N,β
∫
[dx]N [d2k⊥]NΨλN,β(Ω) |N, β, k1 · · · kN 〉 , (142)
where ΨλN,β(Ω) is the N partons lightcone wave function (LCWF), and Ω denotes the set of
kinematic variables associated with the considered partons:
Ω = (x1,k⊥1, · · · , xN ,k⊥N ). (143)
The measure terms in equation (142) are given through:
[dx]N =
N∏
i=1
dxi δ
(
1−
N∑
i=1
xi
)
, (144)
[d2k⊥]N =
1
(16pi3)N−1
N∏
i=1
d2k⊥i δ2
(
N∑
i=1
k⊥i −P⊥
)
, (145)
and the canonical normalisation of the LCWFs yields:∑
N,β
∫
[dx]N [d2k⊥]N |ΨλN,β(Ω)|2 = 1. (146)
The lightcone wave functions can be defined in terms of non-local matrix elements. Following
Ref. [166], one can introduce the pion wave function with anti parallel quark helicity as:
Ψ↑↓(x,k⊥) =
1
2P+
∫
dz−dz⊥eixP
+z−e−ik⊥z⊥ 〈0| d¯(0)γ+γ5u(z) |pi, P 〉∣∣
z+=0
, (147)
and the parallel quark helicity as:
ikiΨ↑↑(k+,k⊥) =
1
2P+
∫
dz−d2z⊥eik
+z−−ik⊥z⊥ 〈0| d¯(0)σ+iγ5 u(z)
∣∣pi+(P )〉∣∣
z+=0
. (148)
These wave functions allow one to write the pion two-body Fock states as:
∣∣pi+, P〉∣∣2-body↑↓ = ∫ d2k⊥(2pi)3 dx√x(1− x)Ψ↑↓(k+,k⊥)
[
b†u↑(x,k⊥)d
†
d↓(1− x,−k⊥)
+b†u↓(x,k⊥)d
†
d↑(1− x,−k⊥)
]
|0〉 , (149)
and: ∣∣pi+, P〉∣∣2-body↑↑ = ∫ d2k⊥(2pi)3 dx√x(1− x)Ψ↑↑(k+,k⊥)
[
(k1 − ik2)b†u↑(x,k⊥)d†d↑(1− x,−k⊥)
+(k1 + ik2)b
†
u↓(x,k⊥)d
†
d↓(1− x,−k⊥)
]
|0〉 . (150)
7.1.3 Pion lightcone and Bethe-Salpeter wave functions
The goal we pursue here is the derivation of the pion GPD from the pion two-body Fock states
requiring the knowledge of the pion two-body lightcone wave functions which can be itself related
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to the Bethe-Salpeter wave function introduced in equation 64 by projecting it on the relevant
Dirac structure and integrating over k−:
2P+Ψ↑↓(k+,k⊥) =
∫
dk−
2pi
Tr
[
γ+γ5χ(k, P )
]
, (151)
iki2P+Ψ↑↑(k+,k⊥) =
∫
dk−
2pi
Tr
[
σ+iγ5χ(k, P )
]
. (152)
Therefore, it is possible to compute the LCWFs, using the algebraic model from equations (79-
83), within the same model framework developed with the covariant approach in previous sections.
Thus, up to some ambiguities presumably related to the particular choice used for the Nakanishi
representation of the Bethe-Salpeter amplitude and to the definition of the vector insertion in
the covariant approach, the result we might obtain for the GPD in the forward limit from these
LCWFs should be close to the total PDF shown in figure 16.
As the algebraic parameterisation is defined in euclidean space, one of the efficient ways to
compute the LCWF is to proceed through the evaluation of the Mellin moments. As the LCWF
are k⊥-dependent, the 4-vector k is split as k = q + k⊥, with q = (q+, q−, 0). Consequently, the
Mellin moments yield:∫ 1
0
dx xmΨ↑↓(x,k⊥) =
∫ 1
0
dx xm
∫
dq−dq+
(2pi)2
Tr
[
γ+γ5χpi(q + k⊥, P )
]
δ(xP ·n− q ·n)
=
∫
d2q(q ·n)m
(2pi)2(P ·n)(m+1)
Tr
[
γ+γ5χpi(q + k⊥, P )
]
. (153)
Computing the trace and integrating over q using Feynman parameters, one can identify the scalar
LCWF as:
Ψ↑↓(x,k⊥) = −Γ(ν + 1)
Γ(ν + 2)
M2ν+14νRν
[k2⊥ +M2]
ν+1x
ν(1− x)ν . (154)
Using the same approach, the helicity-1 LCWF Ψ↑↑(k+,k⊥) can be computed through its Mellin
moments as:
Ψ↑↑(x,k⊥) = 2iM2ν
Γ(ν + 1)
Γ(ν + 2)
4νRνx
ν(1− x)ν
[k2⊥ +M2]
ν+1 (155)
7.2 Overlap of pion wave functions
The equations (154,155) appear to be the main ingredients needed to obtain the valence-quark
pion GPD which, as follows, can be derived from the pion Fock states with a two-body truncation.
7.2.1 GPDs and LCWFs
The lightcone formalism is a convenient approach to compute GPDs6 [49], since the latter are
defined through operators at a given lightcone time. These operators can then be written in terms
of good components φ of the quark fields ψ:
ψ¯q
(
−z
2
)
γ+ψq
(z
2
)∣∣∣
z+=0
=
√
2φ†q
(
−z
2
)
φq
(z
2
)
. (156)
The decomposition of equation (142) leads to the following expression for the pion GPD:
H(x, ξ, t) =
√
2
∑
N,N ′
∑
β,β′
∫
[dxˆ′]N ′ [d2kˆ
′
⊥]N ′ [dx˜]N [d
2k˜⊥]NΨ∗N ′,β′(Ωˆ
′)ΨN,β(Ω˜)
×
∫
dz−
2pi
eiP
+z− 〈N ′, β, k′1 · · · k′N |φq†
(
−z
2
)
φq
(z
2
)
|N, β, k1 · · · kN 〉 , (157)
6We adapt here the derivation of the spin one-half case done in Ref. [49] to the spinless case.
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where the hat variables are given in the outgoing pion wave function frame, and the tilde ones
in the incoming pion wave function frame. Other variables are considered in the GPD symmetric
frame, i.e. the frame such that p1 = P − ∆2 and p2 = P + ∆2 . In this latter frame, it is possible
to define the average variables k¯i as:
k¯i =
1
2
(ki + k
′
i) , x¯i =
k¯+i
P+
, (158)
which fulfil the momentum conservation sum rules:
N∑
i=1
x¯i = 1 ,
N∑
i=1
k¯⊥i = P⊥ = 0. (159)
Therefore, active parton momentum variables, labelled as j, follow:
xj = x¯j + ξ , x
′
j = x¯− ξ , (160)
and
k⊥j = k¯⊥j − ∆⊥
2
, k′⊥j = k¯
′
⊥j +
∆⊥
2
. (161)
On the other hands, the other partons variables, labelled i, are simply related through:
k′i = k¯i = ki. (162)
In the incoming and outgoing momentum frames, one can also define the fraction of momentum
x˜i and xˆ′i as:
x˜i =
k˜+i
p+1
, xˆ′i =
kˆ′i
p+2
. (163)
It is then possible, to boost these variables from their original frame, to the symmetric frame used
here to compute GPDs. Doing so, one gets for the incoming variables:
x˜i =
x¯i
1 + ξ
, k˜⊥i = k¯⊥i +
x¯i
1 + ξ
∆⊥
2
, for i 6= j
x˜j =
x¯j + ξ
1 + ξ
, k˜⊥j = k¯⊥j − 1− x¯i
1 + ξ
∆⊥
2
,
(164)
and for the outgoing one:
xˆ′i =
x¯i
1− ξ , kˆ
′
⊥i = k¯⊥i −
x¯i
1− ξ
∆⊥
2
, for i 6= j
xˆ′j =
x¯j − ξ
1− ξ , kˆ
′
⊥j = k¯⊥j +
1− x¯i
1− ξ
∆⊥
2
.
(165)
Denoting now by k the Fourier conjugate of z in equation (157), such as k+ = xP+, one immedi-
ately deduce that x = x¯j . In the case of the pion, equation (157) can be simplify in the DGLAP
case to:
Hqpi(x, ξ, t)|ξ≤x≤1 =
∑
N
√
1− ξ2−N
√
1 + ξ
2−N ∑
β=β′
∑
j
δsjq
×
∫
[dx¯]N [d2k¯⊥]Nδ(x− x¯j)Ψ∗N,β′(Ωˆ′)ΨN,β(Ω˜). (166)
The ERBL part can be derived similarly to the DGLAP one, but will be non-diagonal in N , as
interactions between ΨN,β(Ωˆ) and ΨN+2,β(Ω˜) are expected. Therefore, in the case of a two-body
truncation, no ERBL contribution can be computed directly using the lightcone formalism.
However, in the DGLAP case, the two-body truncation yields:
Hqpi(x, ξ, t)|2−bodyξ≤x≤1 =
∫
[dx¯]2[d2k¯⊥]2δ(x− x¯j)Ψ∗↑↓(Ωˆ′)Ψ↑↓(Ω˜)
+
∫
[dx¯]2[d2k¯⊥]2δ(x− x¯j)
(
kˆ1 + ikˆ2
)(
k˜1 − ik˜2
)
Ψ∗↑↑(Ωˆ
′)Ψ↑↑(Ω˜). (167)
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7.2.2 An example with the algebraic model
It is then possible to inject equations (154) and (155) in equation (167). Introducing the two
Feynman parameters u and v and then integrating over k⊥, one is left with two contributions
coming from the different combinations of the spin of the dressed quarks. Using the fact that, in
our euclidean and chiral approach, t = ∆
2
⊥
1−ξ2 , one gets:
H↑↓(x, ξ, t) =
Γ(2ν + 2)
Γ(ν + 2)2
∫
dudv uνvνδ (1− u− v)
(
2M2ν4νRν
)2
xˆν(1− xˆ)ν x˜ν(1− x˜)ν(
t uv (1−x)
2
1−ξ2 +M
2
)2ν+1 , (168)
and
H↑↑(x, ξ, t) =
Γ(2ν + 2)
Γ(ν + 2)2
∫
dudv uνvνδ (1− u− v) (2M2ν4νRν)2 xˆν(1− xˆ)ν x˜ν(1− x˜)ν
×
 pi Γ(2ν)Γ(2ν+2)(
t uv (1−x)
2
1−ξ2 +M
2
)2ν − t uv (1−x)
2
1−ξ2 pi
Γ(2ν+1)
Γ(2ν+2)(
t uv (1−x)
2
1−ξ2 +M
2
)2ν+1
 . (169)
One can now focus on the case t = 0 where the pion quark GPD can be simplified as:
Hqpi(x, ξ, 0)|DGLAP = κ′ν xˆν(1− xˆ)ν x˜ν(1− x˜)ν (170)
= κ′ν
(1− x)2ν (x2 − ξ2)ν
(1− ξ2)2ν , (171)
κ′ν is therein an overall normalisation constant. In the case ν = 1, κ′ν = 30, and the result of the
computation of the GPD in the DGLAP region is illustrated on figure 20.
One can finally deduce, from equation (170), the expression for the PDF computed with the
overlap of LCWFs. This is done by taking ξ = 0 in addition to t = 0 leading to:
qpi(x) = κ
′
νx
2ν(1− x)2ν , (172)
which should compare well with the PDF obtained in equation (129) within an equivalent frame-
work and a covariant approach based on the impulse approximation and the amendment described
in section 6. The comparison is shown by the figure 16, where the agreement between black solid
and dotted lines, which correspond to both the total covariant and overlap computations, is strik-
ing.
Focusing on figure 20 and the related equation (170), some comments must be made. The first
tempting point is of course to compare the overlap results presented in figure 20 with the GPD
obtained in the covariant approach through the impulse approximation. The latter result was
shown on figure 14. One immediately notices that, the more off-forward, the more different the
two DGLAP regions are, although they have been computed from the very same Bethe-Salpeter
amplitude. The main difference lies in the fact that the overlap computations lead to a GPD which
vanishes on the line x = ξ, whereas the triangle diagram computation predicts a non-vanishing
value of the GPD on this line. As a consequence, the GPD computed in the overlap approach
fulfils the positivity property defined in equation (25). When t vanishes, the formulae obtained
for the GPD (170) and the PDF (172) lead to a relation stronger than the positivity condition,
since:
Hqpi(x, ξ, 0)|DGLAP =
√
qpi(x1)qpi(x2). (173)
This relation between the GPD and the PDF is presumably a feature of the algebraic model
defined in equations (79)-(83).
Nevertheless, the fact that the GPD vanishes on the line x = ξ in a two-body approximation
is not a surprise, and have been already highlighted in Ref. [112] and Ref. [167] for instance.
Moreover, computations using a higher Fock state, including a gluon in addition to the dressed
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Figure 20: Pion GPD Hqpi as a function of x and ξ obtained through the overlap of LCWFs in the
DGLAP region.
quarks, have been performed in Ref. [167]. Using the same computation techniques within this
three-body truncation than in two-body truncation, the authors showed that the three-body con-
tribution leads to a non-vanishing GPD on the line x = ξ. Therefore, in this kinematic area, the
GPD seems to be very sensitive to the truncation of the Fock space. This is of deep phenomeno-
logical interest (see section 2.1.4), as the imaginary part of the CFF H is directly proportional to
H(ξ, ξ, t) at leading order.
7.3 Overlap and polynomiality
If the overlap representation offer a simple way to build a GPD model fulfilling the positivity
property, the major drawback is that within a two-body truncation, it is not possible to get
a proper model for the ERBL region. Therefore, it is a priori impossible to conclude on the
polynomiality property of the Mellin moments. However, the fact that the LCWFs are derived
from the Bethe-Salpeter wave function suggests that the underlying Lorentz symmetry is preserved.
And therefore, one should expect polynomiality to be fulfilled.
The authors of Ref. [168] and Ref. [169] have shown that for a certain class of LCWFs, a simple
change of variable allows the identification of the Double Distributions. From the DDs, it is then
easy to compute the ERBL part of the GPD through the Radon transform (46). The authors of
Ref. [168] use lightcone wave functions such that:
Ψ(x,k⊥) ∝ M
2p
√
1− xx
−p
(
M2 − k
2
⊥ +m
2
x
− k⊥ + λ
2
1− x
)−p−1
, (174)
whereM , λ andm are respectively the hadron, the spectator and the quark masses. The associated
DD e(β, α, t), given in the so-called Pobylitsa scheme [170], for the GPD E(x, ξ, t) is then given
by:
e(β, α, t) = N
(
m
M + β
) (
(1− β)2 − α2
)p
[
(1− β)m2M2 + β λ
2
M2 − β(1− β)−
(
(1− β)2 − α2
)
t
4M2
]2p+1 , (175)
with N an overall normalisation constant. These results show that, even if it not possible to
compute directly in the overlap approach a contribution for the ERBL region, it is possible to
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deduce one from the DGLAP area. And even more interesting, it is possible to get one which
fulfils the polynomiality condition.
Unfortunately, the wave functions of equations (154) and (155) do not belong to the class of
functions studied in Ref. [168] and Ref. [169]. Nevertheless, the Radon transform, relating DDs to
GPDs, can be inverted. The general inversion formula is given by:
f(β, α) =
2
(2pi)2
∫ pi
2
−pi2
dφ
∫ ∞
−∞
dτ PV
[
1
τ
] (
∂
∂s′
Rf(s′ + β cos(φ) + α sin(φ)− τ, φ)
)∣∣∣∣
s′=0
, (176)
where f is the double distributions, and Rf is its canonical Radon transform. PV stands for the
principal value distribution defined as:∫ ∞
−∞
dx PV
[
1
x
]
u(x) =
∫ ∞
0
dx
u(x)− u(−x)
x
. (177)
However, as highlighted in Refs. [96, 153], this formula is numerically very sensitive to numerical
noise. Moreover, it requires to know the GPDs on a extended support, including the DGLAP
and ERBL region, but also the GPDs alter ego in terms of crossing symmetry: the Generalised
Distribution Amplitudes (GDA) [1, 171, 172]. Therefore, a direct implementation of equation
(176) is not suitable for deriving the ERBL contribution from the DGLAP one. However, using
the 1CDD scheme defined in equations (55) and (56), one can relate the GPD to the canonical
Radon transform Rf of the function f through:√
1 + ξ2
x
H(x, ξ, t) = Rf =
∫
Ω
dβdαδ
(
s− β cos(φ)− α sin(φ))f(β, α, t), (178)
with s = xcos(φ) and ξ = tan(φ). Then a careful mathematical study of the properties of the Radon
transform shows that the double distribution f can be uniquely defined on the entire rhombus,
except for the line β = 0. The proof is left for a forthcoming work [173]. The consequences of
these results are important, since one would be able to compute a proper contribution to the GPD
in the ERBL region, within a two-body approximation. The deep cause for this comes from the
constraints for the GPD imposed by Lorentz and discrete symmetries. The GPDs has to be the
Radon transform of a certain DD. In particular, the Radon transform of a 1CDD f(β, α, t) can be
recast as:
Rf(s, ϕ, t) =
∞∑
m=0
m∑
l=0
gml(t) e
i (−m+2l) ϕ Cαm(s) , (179)
where gml(t) are the coefficients for the expansion in terms of Geigenbauer polynomials, Cαm(s).
Therefore, identifying properly the coefficients gml(t), if possible, leads to the unique extension to
the ERBL kinematical region for a GPD only known in the DGLAP domain. However, possible
non-analytic contributions would not be visible and might spoil the previous results. The existence
of such contributions is still debated [174].
The Radon inversion remains an ill-posed mathematical problem in the sense of Hadamard. In
practical, it means that uncertainties like for instance numerical noise, are amplified. Therefore,
even if the ERBL region is a priori accessible, the numerical noise might make very hard the path
to access it. Nevertheless, this problem may be overcome using proper algorithms. This study is
left for a future work [173].
8 Conclusion
Experimental perspectives in hadron physics, and more specifically, in hadron structure will proba-
bly challenge our understanding of the non-perturbative sector of the strong interaction. However,
without a proper connection of those data with the fundamental theory describing the strong in-
teraction, one will miss a part of the reachable knowledge. In this context, we highlighted the role
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that GPDs can play. More precisely, we shed light on the possible achievements in terms of GPD
modeling, using non-perturbative techniques such as the Dyson-Schwinger equations. The recent
progress in the development of DSE kernels and the use of the Nakanishi representation allow
for optimism. Indeed, a two-body effective quark model of a pion GPD, generated dynamically
through the DSEs and BSEs, will certainly be a valuable outcome in a very near future. How-
ever, such computations must take into account the important features analysed and discussed
in the current paper. The algebraic model presented here has highlighted the specific role of the
Axial-Vector Ward-Takahashi Identity in the fulfilment of the soft pion theorem. Any dynamical
computations should therefore pay a specific attention to this point. In addition, the so-called
impulse approximation has been shown beyond any reasonable doubt to be insufficient to ensure
the preservation the symmetry related to the fraction of momentum carried by the quarks in the
two-body system. If a proper amendment for this flaw resulting from the impulse approximation
has been found in the forward case (i.e. for the PDF), a piece of the pion GPD is still missing.
However, this problem may be overcome soon through the lightcone formalism. Indeed, recent
results suggest that the pion GPDs can be computed after a two-body truncation, both in the
DGLAP and ERBL regions. Using a suitable algorithm to compute the inverse Radon transform, it
should be possible to obtain the pion GPD in its entire domain of definition. Such a breakthrough
would then pave the way for a systematic study of the pion properties, including its 3D shape, in
terms of choices of the DSEs kernels.
On a longer time scale, this procedure should of course be extended to the proton, since it will
be the main targeted hadron in the forthcoming JLab 12 experiments. Indubitably, the proton
case will be significantly more difficult, as one has to deal with a three-body system at the lowest
order. However, truncation schemes have also been developed for the Faddeev equations, and
a first approximation of the proton in terms of a quark and a diquark may also be relevant.
Therefore, it is realistic to consider the possibility of the emergence of DSE-based computations
for the proton GPDs in forthcoming years.
Notwithstanding the highlighted challenges, the computation of GPDs within a Dyson-Schwinger
framework promises to be an important tool for the interpretation of JLab 12 obervables, opening
the path to a detailed knowledge on the nucleon structure and a deeper understanding of the large
distance regime of the strong interaction.
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A Conventions and Notations
A.1 Space-time and lightcone conventions
Four-vectors are denoted with normal character e.g. p = (p0, p1, p2, p3), whereas three- and two-
vectors are written in bold font: p = (p1, p2, p3). The Minkowskian metric used through this text
is:
ηµν = η
µν =

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1
 , (180)
so that:
p2 = (p0)2 − p2 = M2. (181)
The lightcone variables for a four-vector v are defined as:
v+ =
1√
2
(v0 + v3) , v− =
1√
2
(v0 − v3) and v⊥ = (v1, v2). (182)
A.2 Dirac Algebra
The Dirac matrices obey the four-dimensional Clifford Algebra:
{γµ, γν} = 2ηµν . (183)
In all this work, the Weyl representation of the γµ is used:
γµ =
(
0 σ¯µ
σµ 0
)
, (184)
with:
σµ = (1,σ) , σ¯µ = (1,−σ), (185)
and the σi are the Pauli matrices. The σµν tensor is defined as:
σµν =
i
2
[γµ, γν ] . (186)
A.3 Euclidean space
It is usually possible to define a Euclidean quantum field theory which is the counterpart of the
Minkowskian one providing that: ∫
d4xM = −i
∫
d4xE , (187)
γM · ∂M = iγE · ∂E (188)
pM · γM = −ipE · γE (189)
pM · qM = −pE · qE , (190)
with x4 = ix0 and ηEµν = δµν , δµν being the four dimensional Kronecker symbol. The Euclidean
Clifford algebra is given by: {
γEµ , γ
E
ν
}
= 2δµν , (191)
leading to:
γE4 = γ
M
0 , γ
E
j = −iγMj for j = 1, 2, 3, γE5 = −γE1 γE2 γE3 γE4 = γM5 . (192)
We follow these conventions for our computations in Euclidean space.
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A.4 Gordon Identity
The Gordon identity relates different Dirac structures through:
u¯(p2)γ
µu(p1) =
1
2M
u¯(p2)(2P
µ + iσµν∆ν)u(p1), (193)
where M is the mass of the considered hadron and P and ∆ are defined as in section 2.
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